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Hyperentanglement of two photons in three degrees of freedom
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A six-qubit hyperentangled state has been realized by entangling two photons in three degrees of freedom.
These correspond to the polarization, the longitudinal momentum, and the indistinguishable emission produced
by a two-crystal system operating with type I phase matching in the spontaneous parametric down conversion
regime. The state has been characterized by a chained interferometric apparatus and its complete entangled
nature has been tested by a witness criterion specifically presented for hyperentangled states. The experiment
represents a realization of a genuine hyperentangled state with the maximum entanglement between the two

particles allowed in the given 2% X 23 Hilbert space.
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Hyperentangled (HE) two-photon states, i.e., quantum
states of two photons simultaneously entangled in N inde-
pendent degrees of freedom (DOFs) [1,2], are nowadays rec-
ognized as a basic resource for many quantum information
(QI) processes. At variance with n-photon entanglement, hy-
perentanglement is much less affected by decoherence.
Moreover, the detection efficiency of the state, which scales
as 7" (7 is the quantum efficiency of detectors), is not re-
duced by growing the size of the state.

Two-photon HE states have been used to demonstrate the
enhancement of the channel capacity in superdense coding
[3], the complete analysis of the four orthogonal polarization
Bell states [4,5], and for the engineering of efficient four-
qubit two-photon cluster states [6], successfully used in the
realization of basic quantum computation (QC) algorithms in
the one-way model [7-9]. Finally, advanced tests of quantum
nonlocality enabling to enhance the violation of local realism
are possible when operating in a large-dimension Hilbert
space with two-photon N-DOF HE states [10-12]. Increasing
the number N of DOFs necessarily implies an exponential
growing of resources. Nevertheless, according to the current
technology, for N=2, 3, or 4 this approach is still convenient
in terms of decoherence, repetition rate, and detection-
generation efficiency than increasing the number of en-
tangled particles. Hence, we can conceive in a medium term
perspective a hybrid approach to multiqubit entanglement
based on the simultaneous entanglement of more than one
photon pair in N=2, 3, and 4 DOFs.

HE states of increasing size are of paramount importance
for the realization of even more challenging objectives. In
the framework of the one-way QC, using a six-qubit cluster
state, a controlled-NOT (CNOT) gate operating over the en-
tire Bloch sphere of the target and control qubits and other
important quantum algorithms such as the extension of the
Deutsch-Josza algorithm [13] can be realized. Recently, op-
tical schemes involving two or more photons and expanding
the available Hilbert space to incredibly large dimensions
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were realized. In particular three DOFs, namely, polarization,
spatial mode, and time-energy, were used to build a multidi-
mension entangled state of two photons encoded in four qu-
bits and two quitrits [ 14]. More recently, Greenberger-Horne-
Zeilinger states of up to ten qubits were engineered by
exploiting polarization and momentum of five photons [15].
It is worth noting that in both experiments the addition of
one DOF, i.e., time-energy and linear momentum, respec-
tively, derives from a local mamipulation1 of polarization en-
tanglement without increasing the entanglement between the
particles. Indeed, in both experiments the additional DOF
entanglement was not independent from polarization
entanglementz.

A “genuine” HE state, given by the product of N Bell
states [16], one for each DOF,

allows us to enlarge the available Hilbert space. Let us con-
sider the entropy of entanglement of the state | W),

E(|Wy)) = S[try (WX WaD)] = S[trp([ W) (PaD] (2)

where S is the standard von Neumann entropy defined as
S(p)=tr(p log, p). It is easy to demonstrate in this case that
E(|W))=N, independently of any local operation. Hence the
state |Wy) has the maximum allowed entanglement for a
given number N.

We have engineered and characterized a six-qubit HE
state based on the simultaneous triple entanglement of two
photons. By our scheme two polarization () entangled pho-

'We define local manipulation as any transformation that acts
separately on each particle.

’In Ref. [14] experiment a Franson-type polarization interferom-
eter, realized for each photon by a quartz birefringent element, was
used for the analysis of time-energy entanglement. Polarization and
time-energy entanglement become “independent” and the total
available entanglement can increase if two standard Franson inter-
ferometers are used [18].
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FIG. 1. (Color online) Experimental setup. (I) The two-crystal system generates photon pairs with equal probability over the internal (1)
and external (E) cones. Polarization entanglement arises from double passage of the pump beam through the crystals and the combined
action of a spherical mirror and a N/4 wave plate (not shown in the figure). The annular sections of each emission cone, with diameters
d;=12 mm and dz=16 mm are intercepted by a single eight-hole screen. (II) Measurement setup: the first interferometer [ending with
(BS),] measures momentum entanglement in the basis é(|€)+ei‘i’AvB|r>) at the same time for Alice (red line) and Bob (dotted green line)
photons. Phases ¢, (¢p) are set by tilting a thin glass plate intercepting the Alice (Bob) mode. The subsequent interferometers, correspond-
ing to (BS),4 and (BS),p, perform the measurement separately for the Alice and Bob photons in the basis %(|I) +|E)). The interference
filters allowing photon detection within a bandwidth AN=6 nm and the four apparatus for polarization analysis aligned before each detector

are not shown in the figure.

tons experience a further double entanglement in the longi-
tudinal momentum DOF. This was done by selecting four
pairs of correlated k modes within the double-cone emission
of a two-crystal system operating in the spontaneous para-
metric down conversion (SPDC) regime. This configuration
realizes a genuine HE state of two photons entangled in N
=3 independent DOFs, labeled as m, k, and c¢. Note that
linear momentum DOF is naturally entangled in the SPDC
process. However, so far, no experiments were designed to
use other DOFs besides one polarization and one linear mo-
mentum to create entanglement. In the present experiment
we realized a source and a measurement device allowing
manipulation and measurement of a triple entanglement (i.e.,
polarization+two linear momenta) by selecting four pairs of
SPDC modes. Indeed, we do not increase the entanglement
of the SPDC process, but the entanglement of the state that
we are able to measure and manipulate.

The system used to generate the six-qubit HE state con-
sisted of two 0.5-mm-thick type I B barium borate (BBO)
crystal slabs, cut at different phase matching angles and
aligned one behind the other [see Fig. 1(I)]. They were op-
erating under double excitation (back and forth) of a verti-
cally (V) polarized continuous wave (cw) laser at wavelength
(wl) \,. The polarization entangled Bell state |D7)
:é(|H)A|H)B—|V>A|V)B) was created by spatial superposing
the two perpendicularly polarized emission cones of each
type I crystal [2].

Photon pairs were created with equal probability at degen-
erate wl A=2\, by either one of BBO crystals along two
correlated directions belonging to the lateral surfaces of two
cones, with full aperture angles 6,=4.6° and 6;=6.1°, re-
spectively. We refer to them as the “internal” (I) and the
“external” (E) cone, corresponding to the first and the second
crystals, respectively. The two “photon choices” correspond-
ing to the / and E cones are thus identified as a third inde-

pendent DOF. Coherence and hence indistinguishability be-
tween the two crystal emissions were guaranteed by the
coherence length of the pump, exceeding by more than 1
order of magnitude the total crystal length. Double longitu-
dinal momentum entanglement was created by selecting four
pairs of correlated modes with a eight-hole screen. Precisely,
the following correlated mode pairs |I,€)4-|I,r)p and
1,r)4-|1,€)p were selected for the first crystal and
|E,€)4-|E,r)p and |E,r)4-|E, €)g for the second crystal emis-
sion. It is worth to remember that only two photons, namely,
A (Alice) and B (Bob), are generated with equal probability
by either one of the crystals. We label the corresponding
mode emission as € (r) by referring to the left (right) side of
each cone and as I (E) by considering the internal (external)
cone [see Fig. 1(I)].

The produced state, expressed as a six-qubit HE state, is
given by the product of one polarization entangled state and
two longitudinal momentum entangled states, i.e.,

1 A 1 .
E(|H>A|H>B +e1|V)|V)p) ® E(|€>A|r>3 +e'%[r),|€)p)
v v

1 :
® _E(|I>A|I>B +e'%|E)4|E)p). 3)
V

In the case of a pure state the entropy of entanglement equals
the number N=3 of DOFs. It corresponds to the maximum
entanglement between the two particles in a 23X 23 Hilbert
space, as said.

The measurement setup used to test the triple entangle-
ment is given by the chained interferometric apparatus
sketched in Fig. 1(IT). It is composed of two parts. The first
one performs the measurement of the momentum entangle-
ment existing within each emission cone. Here the € modes
are spatially and temporally matched with the r modes both
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FIG. 2. (Color online) (I) Coincidence rates a—b, a’—b, a—b', and a’—b’ vs Ax, for state (3) showing the typical dip (¢,=0)-peak
(¢=m) feature with average visibility V=0.815=0.027 (dip) and V=0.877*=0.017 (peak). The corresponding experimental fits are also
shown. Full width at half maximum (FWHM) =30 nm of the interference patterns is in agreement with the expected value for a filter
bandwidth of 6 nm. (II) Coincidence rate a—b vs Ax, for state (3) with ¢, =7 with visibility V=0.70 and FWHM =60 nm. In both cases

the time average of each experimental point is 3s.

for the up (A photon) and down (B photon) sides of a com-
mon 50:50 beam splitter [(BS),], for the I and E emission
cones. In the second part of the apparatus, measuring mo-
mentum entanglement between the two crystal emissions, the
left (right) (BS), output modes belonging to the Alice (Bob)
photon are then injected into another interferometer where
the I and E modes are matched onto the (BS),, [(BS),z]
beam splitter. Two trombone mirror assemblies mounted on
motorized translation stages enable fine adjustment of path
delays Ax; and Ax, between the different mode sets in the
first and second parts of the interferometric apparatus. Phase
setting of k momentum entanglement is achieved by careful
tilting of thin glass plates ¢, and ¢p, placed, respectively, on
the Alice and Bob right modes [cf. Fig. 1(IT)]. Four single-
photon detectors, model Perkin Elmer SPCM-AQR 14, detect
the radiation belonging to the Alice output modes of (BS),,,
namely, a and a’ in Fig. 1(IT), and to the Bob output modes
of (BS),z [b and b’ in Fig. 1(IT)]. Polarization entanglement
is measured by using four standard polarization analyzers,
one for each detector.

The experimental results given in Fig. 2(I) show the char-
acteristic interference patterns obtained by measuring the co-
incidences a—b, a—b', a’—b, and a’—b’ as a function of
Ax,. Momentum entanglement is demonstrated by the typical
dip-peak transition obtained by adjusting the state phase. In
the same way, similar interference traces were obtained for
the four sets of coincidences by varying Ax, in the second
interferometer. We show in Fig. 2(IT) the one corresponding
to the measurement of a—b coincidences. We observe the
different effects on phase stability appearing in the figures: in
the first interferometer (|€)-|r) measurement) the phase ¢y is
self-stabilized since any mirror instability corresponds to a
global phase variation of the state. Moreover, since any
change in Ax, determines the simultaneous variation of all
the |r) mode optical delays, even in this case the phase re-
mains constant. This feature is evident in Fig. 2(I), where we
show the different coincidence patterns for ¢=0 and ¢y
=

In the second interferometer (|I)-|E) measurement) the
phase ¢, is not self-stabilized and a compact interferometer
is needed to improve the phase stability. Moreover, the varia-
tion of Ax, changes only the |E) path delay of the B photon.
This corresponds in Fig. 2(II) to a random ¢, phase varia-
tion. For the same reason the FWHM duration of the inter-
ference pattern of Fig. 2(IT) doubles the one of Fig. 2(I). The
complexity of the measurement setup, where spatial match-
ing of different modes is performed onto the two BS sets, is
the main reason of experimental imperfections that lower the
visibility values and hence the purity of the HE state. The
adoption of a waveguide integrated measurement setup [17]
instead of using a bulk interferometric apparatus would al-
low in a near future to largely improve the measured
visibilities.

The entanglement existing in the generated HE state was
detected by using a criterion recently proposed for hyperen-
tanglement [16]. It is based on the evaluation of some wit-
nesses specifically presented for graph states. For each DOF
spanning a two-dimensional Hilbert space, we associate the
states |H), |€), and |I) to the basis vector |0), while |V), |r),
and |E) are associated to |1). By setting all the phases ¢,
(with w=m, k, and ¢) to zero, the following HE state is
obtained:

[W3)=8")7 @ [N @ |47 (4)

with the standard Bell states |¢p*)=5(|0)4]0)5+]0)4|0)5) and
|1//+>=é(|O)A|1>B+|1>A|O)3). We also define Z;, z;, and z]
(i=A,B) as the o, Pauli matrices for the 7, k, and ¢ DOFs,
respectively. Similarly, X;, x;, and x] represent the corre-
sponding o, matrices.

The presence of entanglement between the two photons
for each separate DOF was first verified by tracing the other
DOFs and evaluating separately an entanglement witness for
, k, and ¢ entanglement using the following witnesses:
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W7T= (}lﬂ.— 2XAXB - ZZAZB) ® lk ® lc, (Sa)
Wk=1w® (ﬂk—Z)CAxB+2ZAZB) ® }lc, (Sb)
We=1,® 1} ® (I, - 2xyxp — 2z42p). (5¢)

The negative experimental values W_=-0.6298 =0.0080,
Wy =-0.7987 = 0.0055, and W,=-0.4101 £=0.0082 demon-
strate the entanglement in each DOF.

As explained in [16], these measurement are not sufficient
to ensure that the prepared state is a genuine HE state. Indeed
states with negative values of W_, Wy, and W, do exist that
can be prepared by a classical mixture of several simple en-
tangled (i.e., entangled in only one DOF) states. We then
need to measure a witness able to detect the global entangle-
ment of the HE state. It has been demonstrated [16] that the
following operators can be used in our case:

3 3
Sor+1 Sy 1+ 1
W2:3_2(H 2k +H 2k—1 )’

=1 2 =1 2

3
( 1+ S2k—1 + SZk) (6)

wy=2-3]1
P 3

where S1=X,Xp, S2=Z4Zp, S3=xsxp, S4=—742p, S5=X Xp,
and Sg=z,z5, are the stabilizers of the hyperentangled state
(4). The expectation value of both the witnesses is equal to
—1 for a pure triple HE state. The experimental values of the
witnesses, W,=-0.1182*=0.0055 and W;=-0.0890=
0.0037, obtained by the measured operators given in Table I,
demonstrate that the produced state cannot be obtained by a
classical mixture of states that are separable in one or more
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TABLE 1. Experimental values of the operators needed to mea-
sure W_, W, Wy, W,, and Wj.

S, S, S5 S
0.733+0.006  0.897=0.005 0.810=0.005  0.989 +0.002
Ss Se 5,85 5,85
0.420+0.008  0.990=0.002 0.681=0.007  0.443 =0.008
5585 5,855 55546 5,84
0.398+0.008  0.445+0.008 0.891=0.005 0.893*0.005
5,86 5486
0.895+0.005  0.988 =0.002

DOFs and thus represents a genuine HE state.

In this Rapid Communication we have presented an opti-
cal scheme enabling the simultaneous entanglement of two
photons in three independent DOFs, corresponding to the
polarization and two different longitudinal momenta derived
by the indistinguishable emission of two nonlinear crystals.
The entanglement of the state was tested by using an en-
tanglement witness method specifically presented for HE
states. Our results represent a realization of a two-photon
six-qubit HE state with three independently entangled DOFs.
The number of k modes involved in type I emission pro-
cesses can be very large; hence, HE states with even larger
size are expected by the technique described in this Rapid
Communication, but at the price of a large number of k
modes in which the photons can be detected. Other DOFs,
such as energy-time [18,19] or orbital angular momentum
[20], can be exploited to create larger multidimensional en-
tangled states of two photons for novel advanced QI tasks.

We thank A. Cabello for useful discussions.
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