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Realization of universal optimal quantum machines by projective operators and stochastic maps
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Optimal quantum machines can be implemented by linear projective operations. In the present work a
general qubit symmetrization theory is presented by investigating the close links to the qubit purification
process and to the programmable teleportation of any generic optimal antiunitary map. In addition, the con-
textual realization of thé&l— M cloning map and of the teleportation of tNe— (M —N) universalNOT (UNOT)
gate is analyzed by a very general angular momentum theory. An extended set of experimental realizations by
state symmetrization linear optical procedures is reported. These include-tRecloning process, thenot
gate and the quantum tomographic characterization of the optimal partial transpose map of polarization en-
coded qubits.
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[. INTRODUCTION quantum estimation fidelit}s]. This means that such process
may be modeled as a “classical,” i.e., exact, preparatidvi of
At a fundamental level quantum informatio@!) consists  identical flipped qubits following the quantum, i.e., inexact,
of the set of rules that identify and characterize the physica¢stimation ofN input states. Only this last operation is af-
transformations that are applicable to the quantum state dected by noise. Only in the limil— < a perfect estimation
any information system. Because of the constraints estat®f the input state is achieved and a perfect flipping operation
lished by the quantum rules it is found that several classicap also realized. Differently from thenoT gate, the universal
information tasks are forbidden or cannot be perfectly exOptimal quantum cloning machin@OQCM), which trans-
tended to the quantum world. A well known and relevant QIforms N identical qubits|¢) into M identical copiespoy,
limitation consists of the impossibility of perfectly cloning achieves as optimal fidelity Fy_w(|#), poud =(¢lpoud )
(copying any unknown qubif¢) [1]. In other words, the =(NM+M+N)/(MN+2M)=(N+1+g)/(N+2)  with B
map |4) —|#)|¢) cannot be realized in Nature because it=N/M=1[6-8. As we can seeF\_u(|#).pou) is larger
does not belong to the set of completely positi@®) maps, than the one obtained by trN_a estimation a_pproach and re-
i.e., the only ones consistent with all requirements of quanduces to that result fo6—0, i.e., for an infinite number of
tum mechanic$2]. This basic result may be the most funda- COPI€S- Of course the zero-clonlng_condltlon_ is expressed by
mental difference between classical and quantum informa8=1 andFy_n=1. The exira positive terg in the above

tion theory. Another forbidden operation is theT gate that ~SXPression accounts for the excess of quantum information
maps anyle) in its orthogonal statép™) [3]. Even if these which, originally stored irN states, is optimally redistributed

) . . by entanglement among té-N remaining blank qubits en-
two processes are unrealizable in their exact forms, they Caggded by UDQCMS]. Precisely, the entanglement is estab-
be optimally approximated by the so-callediversal quan- ‘ X

tum machinesi.e., which exhibit the minimum possible lished by the cloning process between the blank qubits and

. . . N the machine itself which may be modelled as an “ancilla”
noise. A better understanding of these devices is importanhormation system.

since the exact characterization of the quantum constraints The first conceptual approach to the realization of these
within basically simple QI processes is useful to design morgransformations is based on finding a suitable unitary opera-
sophisticated algorithms and protocols and to assess the limigr Uy, deterministically realized by means of a quantum
performance of complex networks, such as a quantum conhetwork and acting ol input qubits and on @ —N) ancil-
puter. In this paper we shall analyze thgtimalrealizations  |ary qubits. At the output of this device we obtalh and
of the NOT gate and of the cloning machine within the en- (M-N) qubits which are, respectively, the optimal clones and
lightening perspective suggested by the new linear opticathe best flipped qubits of the input ongk0]. A different
method that has been recently adopted to achieve such realpproach to the probabilistic implementation of te- M
izations. cloning process has been proposed by Weldds. It is
The efficiencyof a gate, i.e., that measures how close itshased on the action of a projective operation on the symmet-
action is to the desired one, is generally quantified by theic subspace of thl input qubits andM —N) blank ancillas.
fidelity 7. =1 implies a perfect implementation, while This transformation assures the uniform distribution of the
noisy processes correspond $<1. The universalNOT jnjtial information into the overall system and guarantees
(UNOT) gate, the optimal approximation of theoT gate, that all output qubits are indistinguishable. While previous
maps N identical input qubits|¢) into M optimal flipped  realizations[12—16 were inspired by the first approach, the
ones in the stateo,, It achieves the fidelity: work reported in the present paper follows the path estab-
Frum(d1), 00 =(d* ool )=(N+1)/(N+2) that de- |ished by the last theoretical proposals, as we see shortly.
pends only on the number of the input qulj4$. Indeed the In quantum optics let the qubit to be codified by the po-
fidelity of the UNOT gate is exactly the same as the optimallarization state of a single photon. Precisely in this context it
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was proposed to realize thdy), transformation by exploit- ittt

ing any amplification process e.g. realized by the quantum "“TD J; -} unor
injected optical parametric amplifigfQIOPA) in the en- 1120 <——6— [ ———{u] }gmm
tangled configuratiofil7,18. Indeed the experimental dem- lo>s J; 5 > ) come
onstrations of the UOQCM and theNoT gate have been . o—
reported by exploiting precisely this techniqiie—14. The

cloning processgbut not theuNOT gate was also realized by Quantum Machine )

a simple laser amplifier in a Erdoped optical fibef15]. Measurement result: ::m;:;gg‘;;:;ﬁ:mmcmmg

In the present work the more direct qubit symmetrization
path proposed by Werner was taken, as said. In this perspec- F|G. 1. Realization of the UOQCM and of the TalaoT gate
tive an entirely new scenario has been disclosed by the recepy means of a quantum circuit.
discovery that it is possible to implement contextually the
1— 2 universal quantum cloning machigOQCM) and the _ _
1—1 universalNOT gate by slightly modifying the quantum Psa= (Isa= [W)sAW s 2
state teleportatioQST) protocol[19]. Since in this case the
UNOT gate is transferred, i.eteleported in a different loca-  The projection is successfully realized with probabiljty
tion, it will be referred to as th@eleuNOT gate This indeed =2 | this case the normalized output state is
realizes a novel QI protocol: thegieportation of a quantum 4
operation” 1
In Sec. Il of the present work the Tela¢OT protocol is - _ 4 N n 1
investigated theoretically by a quantum network approach o Fsng = \;E(2|¢>5‘ Pald s =l A S )a+167)d)allls)-
the basis of the qubit symmetrization process. Furthermore,
this same process is shown to lead very naturally to the ef- 3)

mentally[20,2]]. Section Il reports a most general applica- 1 53 the success of the symmetrization protocol. This one

tion of the symmetrization protocol, indeed one of_ the keYjeaves the two qubits, A held by.4 in the samenixed state
results of the present work: the programmable optimal tele-

portation ofany antiunitary gate acting on qubits. In Sec. IV
a general and comprehensive theory of the: M UOQCM 5 1
and of theN— (M—N) Tele-UNOT gate is given by adopting Ps=Pa= 6|¢><¢| * E|¢L><¢L|’ 4)
a straightforward theoretical approach to the problem, i.e., ) .
the well establishefd, J,» angular momentum formalism of a Which represents theptimal output of the 1-2 cloning
generall-spin system. A detailed account of the experimentapProcess for the input states)s with the expected fidelity:
realization of UOQCM and TelenoT gate with polarization ]—'1_,2:2. Contextually, the qubiB held by B is left by the
encoded qubits by two alternative approaches is reported iprotocol in the mixed state
Sec. V[19,22. In Sec. VI the experimental implementation
and characterization of the optimal transpose oba22den- 1 5
sity operator by a stochastic method is reported. This is done ps = =| NP + Z| N B (5)
in order to investigate at a deeper level how theoT gate 3 3
can be realized starting from the teleportation protocol. Fi-
nally, in Sec. VI the F“a'rf]‘ results of the V\;Ol’k aré summa-anq again the corresponding fidelity of the~1L optimal
tzed and considered i he perspecies of modern 6L fenor process is e expecied o =2

' P ' ' Note that the presence of the entangled e is not

Il. QUBIT SYMMETRIZATION strictly necessary for the sole implementation of the quantum

. cloning process as, for this purpose we could affyyto an
The protocol that realizes the-12 UOQCM and -1 . - .
Tele-UNCF))T gate involves two distant partn%rs: Ali¢gl) and initial state|¢)s(¢ls® /2 as shown experimentally {22,

Bob (B). A holds the unknown input qubi in a generic

state|¢)s, while B shall finally receive this qubit encoded A. Implementation of the projection by a quantum
optimally by the uNoT transformation of ¢)s. Let A and B network

share the entangled singlet state of two quBitB: |V )ag

=27V | pyal = | YAl )e), as in the QST protocdl23]. The projectorPg, (2) into the symmetric space can be

The adoption of thesinglet statethroughout this work guar- implemented by means of a quantum circuit, in analogy with
antees, in virtue of its S@2) invariance, the universality of the protocol devised for QS[R2]. The projection is obtained
the overall process. The overall state of the sysi{®mup by combining Hadamard gates, ControlliedT (CNOT)
reads gates, a Toffoli gate and the projective measurement of an
— -1/2 I el ancilla qubit3a, initially in the state|O)ys (Fig. 1). Let us
[Qsae =2 D)sl| d)al b Yo =47 )al de)- @ analyze here in more details the logic of this network. The
Let A to apply to the overall initial statf)g,p the projec- box “EPR preparation” prepares the singlet stite)g
tive operatorPg, over the symmetric subspace of the qubitsstarting from the qubit$l), and|1)g. Hence the state of the
SandA: overall system is
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|p)s® [P )ap® [0)z= 5[‘ ¥ )sdd)s —

+|D7)si(ox P)e)

+|D)s070% )p)] ® [0} (6)
The box labeledl) transforms the statéV")g,into |1)g1)a,
while the other three Bell statdfV*)sa, [P )sa | PH)sat are

respectively transformed intd0)g1)a,|1)d0)a,|0)g0)a}. By
means of a Toffoli gatg24], the state|1)d1), induces the

|q’+>SA(0'Z| ¢>B)

flipping of the qubifa from |O); to |1)z, whereas the other
states leave the qulit unaltered. The state after the Toffoli

gate operation reads

S DDA D5 - 04D PO

+|1)d0)alox|#)8)|0)z + [0)sl0)aloz0%| )8) 0}zl -
()

Finally the action of the box labele@) restores the initial
states of the qubitS andA leading to

|‘I’ >SA| ¢>B| - |‘I’+>SA(UZ| ¢>B)|0>5

+ |(D_>SA(0'X|¢>B)|0>§ +

|2>SAB'a

|‘I’+>SA(UZ(TX| ¢>B)|O>“a] :
(8)

If the projective measurement on the ancilla qi@bdives as
result “1” the qubitsA andSend up in the statgl~)g, while
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out of a set of mixed states a subset of states with a higher
degree of purity, i.e., the state purity is enhanced by filtering
out some amount of the noise. The purification scheme for
N=2, consisting of a projection of two polarizatidfr) en-
coded qubits onto the symmetric subspace, which can be
implemented by means of a symmetric beam-split&$),

was recently reported bj21]. It can be easily checked that
this purification protocol can be modelled by the quantum
network of Fig. 1.

In order to further enlighten the connection between the
purification and cloning processes, let us consider the action
of the symmetric projector on two non entangled qubits hav-
ing the same orientation on the Bloch sphere but, generally,
with different degree of mixedness:

1>\S 1>\S

Xl + =l Ko, (9)

1>\A

PA ]+ =g, (10)

We apply the projectoPg, to the overall systems® pa. The
success probability of the procedure is equalﬂe%(3
+Aa*Ng). Let us introduce a parametAI:%()\AH\S) quan-
tifying the information over the input qubits. The mean fi-
delity 7, of the input qubits is foundF,=3((¢|pd #)
+{d|pal ¢>):%(1+A). After the projection the output qubits,

which areequal since they belong to the symmetric sub-
space, are

the qubitB is in the staté¢), which has been then teleported
from A to B. If we obtain the result “0” the overall state
becomes equal t{Esap (3). The result of the ancilla mea-
surement is communicated to Bob and we realize the optimal
quantum cloning machine and the TelgoT gate of the in-  with A\, ,=A/p. The fidelity of the output qubits reads
put qubit| ).

The circuit proposed by Brassaf@s] to model QST, and
then realized by NMR techniqug26] achieves teleportation
by means of single qubit gates aodoT gates. The present
scheme somewhat retraces the path of that circuit but there Forhs=1 and\,=0, p=3, Fi,=3/4 andF,,=5/6.These
an ancilla state and a Toffoli gate replace the Bell-values indeed correspond to the optimal quantum cloning
measurement device with the detection of the realization opased on symmetrizatigi22]. For the case of the qubit pu-
state-symmetrization by the measurement apparatus at tmélcatlon Pf0t000| As=Na=A\ the followmg relations hold:
site A. Moreover, the circuit proposed by BuZek al. [10] (3+)\2) Fin= (1+)\) and Fou=3 La+xap™).
and realized adopting NMR techniquyé6], to model the
guantum cloning and theNoT gate in the conventional de-
vices, e.g., in a QIOPA systefi4], differs from the present
one since there QST is not considered explicitly.

1 )\OU'[

= o) + °“t|¢i><¢i| (11)

Pout=

Foul Pout |¢> 1 + Ap_l) (12

IIl. PROGRAMMABLE OPTIMAL TELEPORTATION
OF ANY ANTIUNITARY MAP

As a consequence of the complete positiyiBP) charac-
ter of any realizable physical mdp4], any antiunitary trans-
formation cannot be implemented with fidelitf=1. Any

The circuit above represents a versatile tool for physicallygeneral antiunitary operatdx can be expressed #@sU”K,
implementing several relevant QI processes based on thghereU” is a unitary operator depending @nandK is the
state symmetrization process. For instance it can be adopte@mplex-conjugate operator that transforms any coefficient
to implement the optimajuantum purificatiorof two qubits  multiplying a ket standing at the right & into its complex
according to the symmetrization scheme proposed by Ciragonjugate[27]. K |mplements the transpose map of the den-
et al. [20]. This one addresses the issue of the purification okity matrix p: £,..dp) =p". For instance theloT operator is:

N equally prepared qubits in the mixed stais¢l¢)(¢|  ANOT= K, whereo is a Pauli operator. We can then ex-
2(1 I, where O<¢<1. The procedure allows to distill pressA as

B. Purification of single qubits
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A= UAg ANOT, (13)

U-NOT gate

Precisely, let to express the given “impossible” antiunitary
processes a#y|¢)=|¢" and ANOT¢p)=|4*). In the previous
sections we have seen how to implement the optimal ap-
proximation of the NOT operator with fidelitfF* = 2. Such
transformation is performed by the maﬁ'UNOT(T¢)(¢|)
=21t X" | +§|¢><¢|. We may now ask what is the value of
F* of the optimal approximation to the general antiunitary
operatorA. It is easy to show that such value is agdii

=(¢Mpouf ") =2, the same as for thenoT one. Indeed, con- |6)s —

sider the action over the input density matpix|¢$){¢| of the |W‘)“=M

map Ea(p). In virtue of Eq.(13) is A(ANOT)"1=UAs, and

then FIG. 2. General scheme for the simultaneous realization of the

teleportation of thaysNOT gate(Tele-uNoT) and the universal quan-
tum cloning machindUOQCM) by applying a projective operator.
The optional insertion on the channflof a suitable unitary opera-
tor U allows the optimal teleportation of any antiunitary map at
Bob’s site.

2 1
SA(P) = UAUYEUNOT(p)O'YUA+ = §|¢A><¢A| + §|¢AL><¢AL|
(14)

leading to}'A::%). If we could approximaté with a higher

fidelity, then we could also implement @NOT gate with IV. ANGULAR MOMENTUM THEORY OF THE = N—M
fidelity J—'>§, which is impossible. We can then assert that UNIVERSAL OPTIMAL CLONING AND OF THE

the maximum fidelity achievable in a optimal universal ap- N—(M-N) unoT GATE

proximation to any general anti-unitary transformation ap-
plied to one qubit is7-‘:§. In other words, this lasfF value
may be thought to establishcdassof one qubits antiunitary
maps.

Let us generalize the above concepts in the framework
the QST protocol. Note first that, by exploiting the result of
Eq. (14) any optimal antiunitary operatiorcan be teleported
by adopting adifferent entangled state in the protocol de- : _ . . L
sgribedpin gSec. Il. Let Alice gand Bob share thpe maximally L€t us briefly describe this protocaN input qubits in the
entangled state obtained by afvgal transformation of the State[#)=a|0)+p[1)=U,|0) are sent to Alice who shares
singlet |‘I’>AB:(HA®UE)|‘1’_>AB:(UA®]IB)|‘I’_>AB where U with Bob (M=N) (_entang!ed pairs, all in th?lnglt_abgtate to
=exp~ipo-n)/2=[cod ¢/ 2)I-i sin(¢/2)o-n] is a general guarantee the _u_n!versallty of the procegkr)=2 (|O_>|1>
unitary that can be applied either at the Alice’s or at the_|1>|gzl)' :rg?M_'L‘)'t'al ®ﬁtat2N°f _tgt(eM_(,)\‘\)/era!l system ig2)
Bob's sites. Let us discuss here the first option, the most|®“ |V >M =U, (0N W) . Alice applies the
interesting one, by referring again to the TeleoT protocol ~ ProjectorPg,,over the symmetric subspace to Meérqubits,
[19]. After projection into the symmetric subspace, Alice de-I-€-» N input qubits M -N) ancilla qubits, and communi-
tects the two optimal clones of the input quiig while, ~ cates to Bob the positive realization of the symmetrization
conditionally, Bob detects the quibit=U"Eynor(po)V, i.e.,  Procedure by means of one classical bit. The overall input-
resulting from the application tps of the optimal approxi- output protocol is enlightened by the scheme reported in
mation of the antiunitary operatdi’oK. The choice oy,  FI9- 3. o _ o
applied in the Alice’s sitegor, alternatively the one ob)f In ord(_ar to S|m_pl|fy th_e demonstrat_lon.of the optimality,
applied at Bob’s siteestablishes the class of all anti-unitary We €xploit the universality of the projection procedure. In-
operatorsA to be teleported with fidelity¥,=3. For instance, ~%€€%:
according to the discussion abowgr], i.e., $=0, leads to

So far the quantum cloning df’=1 qubit into M’=2
qubits and the optimal flipping oN’=1 qubit into (M’
—-N’)=1 qubit have been considered. By generalizing the
o'{eIeUNOT protocol toN>1 identical input qubits andM
—N)>1 entangled pairs we obtain the teleportation(if
—N) qubits optimally flipped at Bob’s site and, contextually,
the optimal realization at Alice’s site of thé— M cloning.

the optimal TeleynoOT gate, whileU=ay, i.e., p=7/2 and

o-n=ovy, leads to the optimal teleported transposition gate . 10X ==> clone 1
[28], etc. It is quite remarkable that, according to the QST Ninput - o= | PMsym -)
concept, both the input staje, and the operatod are real- ~

ized and kept under control at the Alice’s site while the op- M-N clone M
timal antiunitary gate is transferred far apart by the noiseless e":':r’;'ed L_. flipped 1
nonlocal channel. This novel universal and optimpto* ﬂipp;d M-N

grammable gate-teleportati®émrocess is represented in Fig.

2 by the insertion in the logical circuit of the general unitary  FIG. 3. General scheme for the simultaneous realization of the
U. It may considered as a relevant realization of the universal— (M -N) Tele-unoT gate and of thé— M UOQCM by apply-
quantum processor reported [29]. ing the state-symmetrization projective operator.
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REALIZATION OF UNIVERSAL OPTIMAL QUANTUM... PHYSICAL REVIEW A 70, 052305(2004)

(Pg/'ym® HB)[U§N|O>®N|\P—>®(M—N)] M-N
0= b - K)p: kot ko: (M =N =K) o ))g.
_ Ui(zM—N)PgAym(X) To/0)EN W) M) (15 Q) EZ) HIM = K) p; k" }a ® [{kep; (M = N=K)p" })g

for any U, e SU(2). I is the identity operator acting on the (17)

Hilbert space of Bob's qubits. The covariance property eX-he notation|{p#;q¢+}) stands for a total symmetric com-

pressed |n_Ec(.15) is assured by the invariance of the smgle_t bination of p qubits in the staté) and of g qubits in the

sta_te fo;zsm_ultaneous unitary opergtlons on the two qub|t§tate|¢i>_ All the (p+q) qubits belonging in such state have

v >:U,g1 ™) and by the commutation property of the pro- 4, gentical reduced density matrix equal to

jector Pgy; [Pg,m,U@M]:O. The covariance property allows

us to assume as input stat®)=|0) without lack of general- p q

- put state)=| 9 L B U (VS T
In the following part of this section a very general and o ] )

comprehensive theory of the universal optimal cloning andl he fidelity 7o, Of the cloning process is thus

UNOT gate is given by adopting, in a straightforward fashion, M-N M-N
the well establishetl, J,) angular momentum formalism of a Fuom= > 1ol X Bl vl B) = > |bk|2;ckl
generalJ-spin system{30]. The overall symmetric state of 0 ' 0 con

the N input qubits is taken to corresponds to a system with N+ 1+
total spinN/2: [0)®N=|3,2)®N=|N/2;N/2). Accordingly, the _N+1+8
joint state of theN input qubits and ofM-N) entangled pairs N+2

|V is reexpressed in the spin formalism @$/2;N/2)  \here 7 =(M~-K)/M is the fidelity of thekth term of the
®[0,0) _|N/2’.N/2.> bfcaijse thid-N smgle_ts gontnb- summation derived from the expressid®8). The above ex-
ute to the total spin witl=J,=0. The symmetrization pro-  ession ofF, ., coincides with the one given in literature

: M H - . M _<M .
jector  Pg, is defined as: Py, =32 M/2;M/2 [7] and in Sec. |, above. For thenoT process we obtain
-k)(M/2;M/2-K| because all symmetrized “cloned” spins

, B=NIM, (19

are equally directed in the Poincaré space and the projection . MN MN
is over the maximum allowed value df After the action of FNoM-N) = > IbdX lpkm-n-d ) = 2 [P0t
Py We obtain the following normalized output state: k=0 k=0
N+1
N N - -
Peym® I E;E> TN+2’ (20
Q)= " N N where f-ﬁNOT:(M—N—k)/(M—N). This value coincides
Pom®ls| 55 with the optimal fidelity given by Massar and Pope$liof
VN any general measurement WNfequal and unknown qubits.
M M M-N -(M-N) Thus we retrieve the result by which, as far as fidelity is
= = by E? - k>A ‘ 2 ; 2 + k>B' concerned, th&NOT process is equivalent to a quantum es-

timation measurement followed by a “classical” inversion of
(16) the corresponding outcomgk2]. However, as already noted
in Sec. |, this is not the case for quantum cloning where the
extra terme B in Eq. (19) accounts for the residual informa-
b, = (- DV(IN+ 1)/(M + 1) tion stored in the entanglement of the output “clones.”
| In analogy with the -2 UOQCM protocol analyzed in
XNM=N) I (M =KI/M (M -N-k)! Sec. Il, we note once again that the entangled source is not
is the Clebsch-Gordan coefficient Strictly necessary in order to achieve solely fe> M clon-
(oM i2: Mol i3 525 Jot; Mo With j1=M/2, j,=(M—=N)/2,  Ing process as for this purpose ofiM ~N) ancilla qubits in
Mu=M/2-K, My=—(M=-N)/2+K, jo=N/2, mg=N/2 @ fully n_nxe_d state are needétll]. Furthermore, as a furthe_r
([30], Chap. 3.6 In the above representation, the overall 9€neralization of the results of Sec. Ill above, by starting
output state of the cloner is written as the composition of twg/Ith pairs bearing a different entanglement structure it is
angular momentade, Jac defined respectively over the posslble to tgleport a generic, opumal anti-unitary transfor-
“cloning” and “anticloning” output channels. In the presentm"’}rt'on'_lllzzOr instance, the adoption of tleetangleq state
context, these angular momenta correspond to the OUtpL|J(P_>:2. (|00 +[1)[1)) leads to the quantum cloning ma-
states realized at the Alice’s and Bob’s sites, respectivelychine given by Gisin and Mass§] by which the(M-N)
The success probability of the procedure ‘ggﬂym qubits telep_orted to Bob represent thptimally tra}nsposed _
® 1g|N/2:N/2)|2=(1/2%N)(1+M)/(1+N). We note that the transformation of the input qubits. More about this process is
(M=N) Bob's qubits assume the maximum allowed value of/ePorted in Sec. VI below.
J=(M-N)/2, thus they lie in the symmetric subspace in
analogy with the Alice’s ones.
The fidelities of the cloning and of theNOT processes In the experiments reported j&9,22, the input qubit was
can be inferred rearranging the output stdt8) as follows:  codified into thepolarization (7r) state of a single photon

where

V. EXPERIMENTAL OPTICAL IMPLEMENTATIONS
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FIG. 4. Setup for the optical implementation of t@e-Mandel
cloning and corresponding results for three input qubRdled FIG. 5. Setup for the optical implementation of ttlening pro-
squares plots corresponding to the “correct” polarizatiapen tri- cessin a modified teleportation scheme. The corresponding results

angles plots corresponding to the “wrong” polarization. The solid for three input qubits are also reported.

line represents the best Gaussian fit expressing the correct polariza-

tion. These options also apply to Figs. 5 and 6. the asymmetric components of the overall state of two qu-
bits. Indeed, the projection into the symmetric space lies at
the core of the cloning process, as epitomized by the present
work [11,19,22,3R The cloning process was investigated in
two independent experiments which enlighten different fea-
tures of the protocol. The first experiment, involving only
two photons generated by the same SPDC process, demon-
strated that an entangled state is not necessary for the
UOQCM implementation and achieves a fidelity close to the
limit value. The second one, which adopts photons belonging

belonging to the modég |p)s=alH)s+B|V)s, whereas an
entangled paif¥~),g of photonsA andB, was generated on
the modesk, and kg by spontaneous parametric down-
conversion(SPDQ. The projective operationin the space
H=Hs® H, was realized by exploiting the linear superposi-
tion of the mode&g andk, within a 50:50beam splitter BS,
(Figs. 4—6. This superposition allows a partial Bell measure-
ment on the Bg output states which is needed to implement
the cloning machine and the TelatoT gate. Consider the
overall output state realized on the two modesandk, of
BS, and expressed by a superposition of the Bell states:
{1¥sa ¥ ) sp [P )sa | PHsat The realization of the singlet
| is identified by the emission of one photon on each
output mode of Bg while the realization of the other three
Bell states implies the emission of 2 photons either on mode
ki or on modek,. This Ou-Mandel interference process, ex-
pressing @8ose mode coalescen@MC) of the two photons
over the same mode, was experimentally identified by a co-
incidence event between two detectors coupled to the output
modek, by means of an additional 50:50 beam splitter. The
identical effect expected on modte¢ was neglected, for sim-
plicity. As just shown, this condition assured the simulta- ]
neous experimental realization of thavoT and UOQCM E
processes, here detected bpastselectiortechnique. -g

At WPy  BS, |ki MS BS, D,

v .
Note that, V\(hilg the presgant Teie&oT protocql with ?ﬁvVWVWv‘?W"W?i%%Y\%ﬁ \%%Yw%\?;ﬁ:{? \%gv;?\;@;é

m-encoded qubits is fully realizable by linear optical meth- v 1,‘; e .

ods, the full implementation by these methods of the Bell H> | 27> +1V>) | Z7(H>+i V)

measurement in the standard QST protocol is impossible % 0 N8 0 NV 0 N

[31]. Hyperentanglement with additional degrees of freedom Z(m

[32] or a network ofcNOT gates are required to perform that

task. In general, by a balanced beam splitter a POVM mea- FIG. 6. Setup for the optical implementation of the TelesT

surement is able to distinguish between the symmetric andate and corresponding results for three input qubits.
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to independent sources, experimentally demonstrated there in good agreement with the optimal valég_,=5/6
overall process. =0.833 corresponding to the lin®/ N value:R=2. A similar
experiment could be performed by adopting a single photon
A. Ou Mandel cloning source to produce an ancilla photon on magg34].

In order to clone the input qub®, an entangled state of
the qubitsA andB was not necessary as only a quhiin a
fully mixed state was needg@2]. Hence we carried out a
first experiment involving only two qubits. A pair of photons
with equal wavelengtih=532 nm and coherence-time,,

B. Cloning+Tele-unoT gate

To further investigate the UOQCM, in a second experi-
ment we employed two independent photons generated by

o , ncorrelated processes: the input qubit was obtained by
=80 fs, was generated by a SPDC process in a type | BB trongly attenuating a coherent beam while the ancilla pho-

crystal in the initial polarization product stalte)sH)a (Fig. 141" \was generated by a SPDC process. In order to observe

4). The nonlinea(NL) crystal was pumped by a continuous- y,e yoQCM process the indistinguishability between the
wave(cw) UV peam with vyavelgngth:266 nm, created by two photons at the output modkg of BS, had to be attained
fourth-harmonics generation in a OPQ cav(tgohergnt- by realizing asingle output mode condition with the best
‘MBD266) by a cw Nd:YAG Iasgr(goherent:VERD] W'.th possible approximation, as we shall see shortly.
wavelength\ =532 nm. This sophisticated system provided @ 1. source of the SPDC process was a Ti:Sa mode-locked
true single mode UV beam with linewidttt100 MHz and pulsed lasercoherent: MIRA with wi A=795 nm and rep-
high power, up to 400 mW aIIowing_a high c_oipcidence rate.gtition rate 76 MHz(Fig. 5. A weak beam, deflected from
The_photon§ andA from SPDC pairs were injected on the 5 aser heam by a partial reflecting miridr was strongly

two input modeskg andk, of BS, with an adjustable mutual attenuated by filteréAt) and delayed byZ=2cAt via a mi-

temdpokral deIayIAt._ T?e Input (?u(?'H@S assoc]iated W'thl tcrometrically adjustable optical “trombone.” This beam was
Mmodeks was poarization encoded by means of a waveplalg, s 5orce of theuasisingle-photon state injected into BS

W'is]l ;I’Zhe transfor:matlgnbused tﬁ map ”the St&?é‘\ m(;o . over the modeks. The average number of injected photons
pA_h4 was af ||eve B/g stoc E}Si'c?/vé ro_tatln?,d UNNG\yasn=0.1. Different qubit statefp)s were prepared via a
each experimentar run, wavepia & A.) INSErted on -\ /2 orn/4 waveplate WE The UV laser beam with wave-
the mode,. In this way t_he statistical evo_l_utlon Gft)a Into length \,=397.5 nm, generated by secoharmonicsgen-
two orthogonal states with equal probability was achieved. eration, excited the SPDC source of tiaglet|W ),s The

The 7 stat_e on the output mode of BS, was analyzed photonsA and B of each entangled pair were emitted over
by the combination of the waveplate \WRnd of thepolar- the modesk, andkg with equal wavelengths =795 nm. All

izing beam splittetPBS): PBS:. For each inputr statéld)s,  qonted photodetectof®) were SPCM-AOR14 sinale pho-
WP: was set in order to make PBSo transmit|¢) and ton Eountpers ®)w Q singie p

1 “ ”
reflgctk|¢b>. Thte Cl%n?d statg ff’@ COl'll.Id ge_ detected onb In order to observe the Ou-Mandel interference at the out-
modek, Dy a two-photon counter, reaiized in our F:ase Yout of BS, a highspatial indistinguishability of the photons
first separating the two photons by an additional 50:50 bea andSwas provided by a single mode selectbtS), real-
splitter BS; and then detecting the coinciderigc, D] be- ized by a 5 m long single-mode fiber, inserted on rr'1deIey

tween the output detec’toBC andDg: Fig. 4. Any COINCI" 4 fiber coupler Thor Lab&T110. The fixedr-transformation
dence betweeD¢ andD corresponded to the realization of g ced by the propagation inside the fiber was compensated
the statdd@i). F|rsF consider the cloning machmg switched by a Babinet compensat¢BC) and ax/2 waveplate. The
off by spoiling the interference dd andA in BS,, i, by jnqyced rotation was stable up to 1% for more than 1 day.
setting At=2/(2¢) > 7con, Z being @ micrometrical dlspli\ce- An interferential filter(IF) with bandwidthAA=3 nm placed
ment of BS,. In this case, since the statghg) and|¢d*)  in front of eachD determined the coherence time of the
were_reqhzed with the same probability on mddgthe rate  yetected pulsest.,,=350 fs. Two fixed quartz plate€Q)
of coincidences detected B¢, Dc] were expected to one- jyserted on the modes, andkg provided the compensation
half of the one detected YD, D¢]. By tuming on the clon-  for the unwanted walk-off effects due to the birefringence of
ing machine, i.e., by settingt~=0 the output density matri- the BBO(B-barium boratgnonlinear(NL) crystal providing
ces ps, pa (4) were realized on the mod& with an  the source of SPDC.
enhancement rati®k=2 of the counting rate by the set |n order to demonstrate the realization of the linear
[Dc,Dc] and no rate enhancement fy¢,D¢]. All adopted  yOQCM process, the stateg and ps of the clonesA andS
photodetector¢D) were SPCM-200 single photon counters at the output of B$ were investigated. According to the
and interferential filters with bandwidtAN=5 nm were analysis given in Sec. Il, expressed by Ed), we would
placed behind them. expect ps=pa=(5piy+piy)/6 Where piy=|p)(¢|. The mea-
The experimental data are reported in Fig. 4 for threesyrements were realized on the BS8utput modek, by
different input 7 states |#)s=|H), 27 Y4|H)+|V)),2Y4|H)  adopting the apparatus shown in Fig. 5. Thetateon this
+i|V)). There square and }riangular marks refer respectivelynode was analyzed by the combination of the waveplate
to the[D¢,D¢] and[D¢, D] coincidences versus the time WP and of the polarizer beam splitters PBS. For each input
setting Z. The corresponding experimental values of ther-state|¢)s, WP: was set in order to make PBS to transmit
cloning fidelity 7=(2R+1)/(2R+2) are F;=0.827+0.002, |¢) and reflect|¢*). The “cloned” statd¢p¢) was detected
Fh+v=0.825+0.002, andr.jy=0.826+0.002. These values on modek, by the coincidence s¢D¢ D¢]. The generation
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of an entangled pair was tested by detection of one photon asimple and significant implementation of the optimal ap-
the modekg by Dg. Any coincidence detected by the sets proximation to theéranspose map ks reported by a different
[D¢,D¢,Dg] and[D¢, D¢, Dg] implied the realization of the approach. The optimal transpose mgphas the following
stategp¢p) and|pot), respectively. The experimental results Kraus representatiof24]:

of the signal-to-noise(S/N) ratio R, carried out by coinci-
dence measurements involving[D¢,Di,Dg]  and
[Dc,Dg,Dg] are reported in Fig. 5, again for the three dif-
ferent input 7 states |p)s=|H), [¢)s=2 VA|H)+|V)), |d)s
=2"Y2(|H)+i|V)). The square and triangular markers there
refer respectively to théD¢,D¢,Dg] and[DC,DE,DB] co-
incidence plots vs the delaX. The following values of the
cloning fidelity F=(2R+1)/(2R+2) were found F
=0.821+0.003,F},,=0.813+0.003,F,;y=0.812+0.003 to

be compared with theoptimal F,_,,=5/6~0.833 corre- i in th text of wum inf tion. The
sponding to the limitS/N value: R=2. These results have M3tons in the context of quantum information. The trans-

been evaluated by taking into account the reduction, by Rose mafK is a!D map as Sa'.d' As such it t(ansforms en-
factor £=0.7, of theS/N ratio R due to unwanted coinci- tangled states into nonphysmal_ ones. It is exa_ctly this
dence rates attributable to the spurious simultaneous inje@roPerty that makes the transposition operation so important
tion of two photons on the modks and to simultaneous 1N all criteria of inseparability for two qubit systems. A bi-
emission of two SPDC pairs. The factérwas carefully ~Partite statepas Of two qubits,A andB, is entangled if and
evaluated by a side experiment. only if the density matriXa ® Kg(pag) has a negative eigen-

In order to realize the TeleNOT protocol, the Bose coa- value[35], where the operatioly ® Kg is commonly referred
lescenckprocess was detected on the output mkglef BS,  to partial transpose operatiarAn experimental limitation of
by the coincidencéD, D*z] as shown in Fig. 6. At Bob’s site, this criteria is that it requires complete knowledge of the
the polarization state on the mot#tg was analyzed by the stateppg. Recently, Horodecki and Ekert have found an ex-
combination of the waveplate WRand of PB§. For each perimental method for a direct detection of quantum en-
input 7 state|¢)s, WP was sej in order to make the PB®  tanglement exploiting the former criterj&6]. It consists of
g§n5m|t|¢>8 adnd tlo rle:ﬂe?ﬂ(ﬁ >B’dby :Een eSX_(I_:”;:IngD%anﬁd b applylng the madA® KB:[%EUNOT—A(@ EDEP—B+§HA® Str—B]

g correspondingly. First consider the Q urned off, by, " 7 ciate pas Where 5DEP(P):%(HP]I"'O'XPO'X"'O'YPUY

setting the optical delayZ|>cr, In this case, since the . s a depolarizi h | Note. in th
stateg ¢)g and|¢*)g were realized with the same probability azp0) represents a depolarizing channel. Note, in the ex-

on modekg, the rate of coincidences detected by Dieets ~ Pression above, the appearance of both the optimait
[Dg,D,,D,] and[Dj,D,,D;] were expected to be equal. By Map and of theptimal transposenaps. The measurement of
turning on the QST, i.e., by setting| <cr.,, the output the lower eigenvalué\;, of 1,® Kg(pap) is a syndrome of
state pg"=(2pjy+pi)/3 was realized then implying aen-  the separability of the state. In particulan,;,= 3 is found to
hancemenby a factorR=2 of the counting rateDg,D,,D,]  imply entanglemen{36]. In this framework it is important to
and no enhancementf [Dg,D,,D,]. The corresponding achieve a high fidelity and reliable implementation of the
3-coincidence results shown in Fig. 6 and involving thesestochastic optimal transpose map.

3-detector sets correspond to the injection of three different et us consider the most general single qubit map based
input 7 states |p)s=|H), [$)s=2 A|H)+|V)), [d)s  on the 4D vectorial representation of the qubit density opera-
=2"Y4|H)+i|V)). As such these results indeed demonstratgor p:%(][+F.6—) written in terms of the vectof1,f) in the

the universality of the TeleuNoT process. In Fig. 6 the 4-dimensional spacéo,=1,0;,i=1,2,3. Any map & is
square and triangular rr)arkgrs 'refer respectively to thepu”y characterized by a % 4 real matrixM, which mapsp
[Dg.D>,D,] and[Dg,D,,D,] coincidences versus the delay jnig the density matrixp’ =M p. In particular anycomplete

At. The TeleuNoT process was found only to affect the positivemap has the following matrix representation
|¢)s component, as expected. TBEN ratio R was deter-

mined for each resonance curve as the ratio between the 10
values of the resonance peak, i.e., Ior 0, and the no en- M = (f T )
hancement value, i.e., f@if] =0. The experimental values of
the unort fidelity 7*=R/(R+1) were found, in corres- whereT is a 3X 3 matrix andf is a 3D vector{37]. The 4
pondence with the three injectedr states |¢)s Fy X 4 matrix M, associated with the maf}, transpose reads

=0.641+0.005,F+,=0.632+0.006,F},,y,=0.619+0.006 to

1
Evlp) = E(HP]I +oxpox+ 0zp07). (21)

The action of the mag;, can be viewed as the equiprobable
occurrence of three different operatofs,oy and 7. Such
transformation can be achieved either by the action of an
unitary operator into a larger system or by a stochastic evo-
lution of the system.

Let us outline the importance of theand&,(p) transfor-

(22)

be compared withF; ,=R/(R+1)=2/3=0.667. As for the 10 0 0

cloning experiment, the measured correcting factei0.7 [0 13 O 0 23

has been used to evaluate of the value of the fidelity. "o o -13 0| (23)
VI. STOCHASTIC EXPERIMENTAL REALIZATION 0 O 0 1/3

OF THE OPTIMAL TRANSPOSE MAP We have implemented the optimal transpose gate by sto-
In Sec. Il the link existing between all optimal antiuni- chastically applying the identityand Pauli operatorsy and
tary operations has been considered. In the present sectiorpa. In particular the random feature of the map was realized
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a) characterization. Finally, the matr ,, was estimated by
means of the experimentally determined density matipggs
and p,g by adopting the relationM lxp:C‘1C’. In this ex-
pression Cjj=03=Trl(oia® gjp)pasl and Ci;_q3=Tr{(0ia

® ojs)ppg] are the measured correlation matrices used to re-
constructpag and p,g, respectively. We note that for an en-
tangled state the matrig is always invertible. The EAQPT
reconstruction oM, is shown in Fig. ).

° .} In order to compare the matrM,,,associated to the map

BBO Ka

- O

b)

o 0 Eexp With the matrixM;, corresponding to the optimal trans-

O pose operatiort, (23), we introduce the fidelityF(&,L)
=[dV FLE(WXW)), L(|W)XWP|)] that quantifies the overlap
between two generic magsand £ [39,4Q. In the present
context we obtaiF (&, ey =1.01£0.01. We may compare
the diagram reported in Fig.() with the structure of the
matrix My,. The correspondence is quite impressive.

Note that the above stochastic transformation cannot be
reversed i.e., the initial state can not be restored and the
information encoded in the output is lost in the environment.

FIG. 7. Setup for the optical implementation of the entangle-This is at variance with the optimal TelevOT protocol de-
ment assisted quantum process tomogra@#QPT) of a stochas-  scribed in Secs. Il and 11[19] or the optimaluNOT gate
tic map implementing the optimal partial transpgae Experimen-  based on the stimulated emissidr2]. These transformations
tal reconstructed matrix operatiofig,, (b). are indeed reversible: there the information about the input
qubit, redistributed into several qubitthe flipped qubit and

in an ergodic fashion in the time domain, by alternate on/offthe two clones: ancilla qubitsan be reconstructed, e.g., by
switching of suitable optical devices, indeed waveplates, ag protocol suggested by Bruss al. [41].

shown shortly.

In the experiment carried out, the input qubit was codified
into the 7r stateof a single photon and the Pauli operatots
and oy were realized adopting/2 waveplates respectively The universalNOT gate and the universal optimal quan-
with angle settingd equal to 0° and 45°. A very general tum cloning have beerontextuallyimplemented applying
reconstruction of the optimal transpose transformation washe projection over the symmetric subspace to the input qubit
experimentally attained adopting the well knowntangle- and to an appropriate ancilla system. This procedure has
ment assisted quantum process tomografE&QPT) [38]. been found to consist of a modified quantum state teleporta-
This technique exploits the quantum parallelism associatetion scheme. All these protocols, extended to the case of an
with any entanglement process: the unknown map to be chaunlimited number of cloned or ancilla qubits, have been
acterized acts on a subsystem of a bipartite entangled statemprehensively and straightforwardly accounted by a very
and all the information about the map is obtained from thegeneral approach based on the well established angular mo-
reconstruction of théeransformedbipartite state. Indeed there mentum theory. By this approach many subtle connections
iS a one-to-one correspondence between the map and thdth the programmable optimal teleportation of other more
final state. In this way only one input bipartite entangledexotic antiunitary transformations has been recovered. Most
state is needed to realize EAQPT. of these theoretical results have been substantiated by the

Two entangled photons over the modesand ks in a  corresponding experiments, also reported here. In particular,
singlet-state of polarization with common wavelength  the linear implementation of thieleportation of a quantum
=2\,=795 nm were created by SPDC in a 1.5 mm thickgatehas been reported. It is an important tool to be adopted
BBO NL crystal pumped by a mode-locked beam with wave-for the realization of complex QI networks since it allows to
length\, [Fig. 7(@]. We have fully characterized the imple- relax experimental constraints in order to achieve fault-
mented stochastic mafy,, by reconstructing the associated tolerant processing42]. Indeed the linear-optics quantum
representation matriM,, by using of the inpuentangled computation exploits the gate teleportation in order to trans-
statep,g Of the two photons. The first step consisted of per-form a probabilistic computation into a nearly deterministic
forming the quantum state tomography of the input systenone[43]. Finally the stochastic feature of the optimal partial
pag- In a following step the qubit associated with mdde  transpose has been experimentally characterized in the paper.
call it “qubit A" was left unchanged while thequbit B” At last, it would be enlightening to compare the above
associated with the mode underwent thef,{p) transfor-  results reported in this paper with the ones obtained recently
mation. Note that this procedure implies the investigation ooy the adoption of thguantum injectechonlinear(NL) para-
the unknown magfe{p), by acompletespan over the Hil- metric amplifier( QIOPA) [17,12-14. There the symmetriza-
bert spaceHp of the injected “qubitB” because of its fully  tion procedure implied by cloning is provided automatically
mixed-statecondition. The final state of the two qubitg; by the QED stimulated photon amplification process involv-
=Ia® Eexpa(pap) Was again investigated by tomographic ing at the same time the injected qubit and aeuum field

VII. CONCLUSIONS
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In other words, the QIOPA realizes symmetrization, cloningbelieve that the actual results, the suggestions and the open
and entanglement within a unique fundamental, stateproblems contributed by the present work could be useful at
symmetrizing QED process. Furthermore, there the vacuurteast by setting measurement bounds and fundamental per-
amplification may be thought to somewhat replace the mixedormance limitations in the domain of quantum information
field associated with the mode in the linear symmetriza- gngd quantum estimation.

tion scheme shown in Fig. 4. In addition, the vacuum ampli-

fication provides the squeezed vacuum ng®€N) that nec-

essary affects in the QIOPA thaeterministicrealization of ACKNOWLEDGMENTS
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