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Optimal quantum machines can be implemented by linear projective operations. In the present work a
general qubit symmetrization theory is presented by investigating the close links to the qubit purification
process and to the programmable teleportation of any generic optimal antiunitary map. In addition, the con-
textual realization of theN→M cloning map and of the teleportation of theN→ sM −Nd universal-NOT (UNOT)
gate is analyzed by a very general angular momentum theory. An extended set of experimental realizations by
state symmetrization linear optical procedures is reported. These include the 1→2 cloning process, theUNOT

gate and the quantum tomographic characterization of the optimal partial transpose map of polarization en-
coded qubits.
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I. INTRODUCTION

At a fundamental level quantum information(QI) consists
of the set of rules that identify and characterize the physical
transformations that are applicable to the quantum state of
any information system. Because of the constraints estab-
lished by the quantum rules it is found that several classical
information tasks are forbidden or cannot be perfectly ex-
tended to the quantum world. A well known and relevant QI
limitation consists of the impossibility of perfectly cloning
(copying) any unknown qubitufl [1]. In other words, the
map ufl→ uflufl cannot be realized in Nature because it
does not belong to the set of completely positive(CP) maps,
i.e., the only ones consistent with all requirements of quan-
tum mechanics[2]. This basic result may be the most funda-
mental difference between classical and quantum informa-
tion theory. Another forbidden operation is theNOT gate that
maps anyufl in its orthogonal stateuf'l [3]. Even if these
two processes are unrealizable in their exact forms, they can
be optimally approximated by the so-calleduniversal quan-
tum machines, i.e., which exhibit the minimum possible
noise. A better understanding of these devices is important
since the exact characterization of the quantum constraints
within basically simple QI processes is useful to design more
sophisticated algorithms and protocols and to assess the limit
performance of complex networks, such as a quantum com-
puter. In this paper we shall analyze theoptimal realizations
of the NOT gate and of the cloning machine within the en-
lightening perspective suggested by the new linear optical
method that has been recently adopted to achieve such real-
izations.

The efficiencyof a gate, i.e., that measures how close its
action is to the desired one, is generally quantified by the
fidelity F. F=1 implies a perfect implementation, while
noisy processes correspond toF,1. The universalNOT

(UNOT) gate, the optimal approximation of theNOT gate,
maps N identical input qubitsufl into M optimal flipped
ones in the state sout. It achieves the fidelity:
FN→M

* suf'l ,soutd=kf'usoutuf'l=sN+1d / sN+2d that de-
pends only on the number of the input qubits[4]. Indeed the
fidelity of the UNOT gate is exactly the same as the optimal

quantum estimation fidelity[5]. This means that such process
may be modeled as a “classical,” i.e., exact, preparation ofM
identical flipped qubits following the quantum, i.e., inexact,
estimation ofN input states. Only this last operation is af-
fected by noise. Only in the limitN→` a perfect estimation
of the input state is achieved and a perfect flipping operation
is also realized. Differently from theUNOT gate, the universal
optimal quantum cloning machine(UOQCM), which trans-
forms N identical qubitsufl into M identical copiesrout,
achieves as optimal fidelity:FN→Msufl ,routd=kfuroutufl
=sNM+M +Nd / sMN+2Md=sN+1+bd / sN+2d with b
;N/M ø1 [6–8]. As we can seeFN→Msufl ,routd is larger
than the one obtained by theN estimation approach and re-
duces to that result forb→0, i.e., for an infinite number of
copies. Of course the zero-cloning condition is expressed by
b=1 andFN→N=1. The extra positive termb in the above
expression accounts for the excess of quantum information
which, originally stored inN states, is optimally redistributed
by entanglement among theM-N remaining blank qubits en-
coded by UOQCM[9]. Precisely, the entanglement is estab-
lished by the cloning process between the blank qubits and
the machine itself which may be modelled as an “ancilla”
information system.

The first conceptual approach to the realization of these
transformations is based on finding a suitable unitary opera-
tor UNM, deterministically realized by means of a quantum
network and acting onN input qubits and on 2sM −Nd ancil-
lary qubits. At the output of this device we obtainM and
sM-Nd qubits which are, respectively, the optimal clones and
the best flipped qubits of the input ones[10]. A different
approach to the probabilistic implementation of theN→M
cloning process has been proposed by Werner[11]. It is
based on the action of a projective operation on the symmet-
ric subspace of theN input qubits andsM −Nd blank ancillas.
This transformation assures the uniform distribution of the
initial information into the overall system and guarantees
that all output qubits are indistinguishable. While previous
realizations[12–16] were inspired by the first approach, the
work reported in the present paper follows the path estab-
lished by the last theoretical proposals, as we see shortly.

In quantum optics let the qubit to be codified by the po-
larization state of a single photon. Precisely in this context it
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was proposed to realize theUNM transformation by exploit-
ing any amplification process e.g. realized by the quantum
injected optical parametric amplifier(QIOPA) in the en-
tangled configuration[17,18]. Indeed the experimental dem-
onstrations of the UOQCM and theUNOT gate have been
reported by exploiting precisely this technique[12–14]. The
cloning process(but not theUNOT gate) was also realized by
a simple laser amplifier in a Er3+-doped optical fiber[15].

In the present work the more direct qubit symmetrization
path proposed by Werner was taken, as said. In this perspec-
tive an entirely new scenario has been disclosed by the recent
discovery that it is possible to implement contextually the
1→2 universal quantum cloning machine(UOQCM) and the
1→1 universalNOT gate by slightly modifying the quantum
state teleportation(QST) protocol[19]. Since in this case the
UNOT gate is transferred, i.e.,teleported, in a different loca-
tion, it will be referred to as theTele-UNOT gate. This indeed
realizes a novel QI protocol: the “teleportation of a quantum
operation.”

In Sec. II of the present work the Tele-UNOT protocol is
investigated theoretically by a quantum network approach on
the basis of the qubit symmetrization process. Furthermore,
this same process is shown to lead very naturally to the ef-
ficient qubit purification protocol recently realized experi-
mentally [20,21]. Section III reports a most general applica-
tion of the symmetrization protocol, indeed one of the key
results of the present work: the programmable optimal tele-
portation ofanyantiunitary gate acting on qubits. In Sec. IV
a general and comprehensive theory of theN→M UOQCM
and of theN→ sM −Nd Tele-UNOT gate is given by adopting
a straightforward theoretical approach to the problem, i.e.,
the well establisheduJ,Jzl angular momentum formalism of a
generalJ-spin system. A detailed account of the experimental
realization of UOQCM and Tele-UNOT gate with polarization
encoded qubits by two alternative approaches is reported in
Sec. V[19,22]. In Sec. VI the experimental implementation
and characterization of the optimal transpose of a 232 den-
sity operator by a stochastic method is reported. This is done
in order to investigate at a deeper level how theUNOT gate
can be realized starting from the teleportation protocol. Fi-
nally, in Sec. VII the main results of the work are summa-
rized and considered in the perspectives of modern quantum
information, computation, and estimation theories.

II. QUBIT SYMMETRIZATION

The protocol that realizes the 1→2 UOQCM and 1→1
Tele-UNOT gate involves two distant partners: AlicesAd and
Bob sBd. A holds the unknown input qubitS in a generic
state uflS, while B shall finally receive this qubit encoded
optimally by theUNOT transformation ofuflS. Let A andB
share the entangled singlet state of two qubitsA, B: uC−lAB
=2−1/2suflAuf'lB− uf'lAuflBd, as in the QST protocol[23].
The adoption of thesinglet statethroughout this work guar-
antees, in virtue of its SU(2) invariance, the universality of
the overall process. The overall state of the systemuVSABl
reads

uVSABl = 2−1/2uflSsuflAuf'lB − uf'lAuflBd. s1d

Let A to apply to the overall initial stateuVSABl the projec-
tive operatorPSA over the symmetric subspace of the qubits
S andA:

PSA= sISA− uC−lSAkC−uSAd. s2d

The projection is successfully realized with probabilityp
= 3

4. In this case the normalized output state is

uJSABl =
1
Î6

s2uflSuflAuf'lB − fuflSuf'lA + uf'lSuflAguflBd.

s3d

A one bitof classical communications sent byA announces
to B the success of the symmetrization protocol. This one
leaves the two qubitsS, A held byA in the samemixed state

rS= rA =
5

6
uflkfu +

1

6
uf'lkf'u, s4d

which represents theoptimal output of the 1→2 cloning
process for the input stateuflS with the expected fidelity:
F1→2= 5

6. Contextually, the qubitB held byB is left by the
protocol in the mixed state

rB =
1

3
uflkfu +

2

3
uf'lkf'u s5d

and again the corresponding fidelity of the 1→1 optimal
Tele-NOT process is the expected one:F1→1

* = 2
3.

Note that the presence of the entangled stateuC−lAB is not
strictly necessary for the sole implementation of the quantum
cloning process as, for this purpose we could applyPSA to an
initial stateuflSkfuS^ IA/2 as shown experimentally by[22].

A. Implementation of the projection by a quantum
network

The projectorPSA (2) into the symmetric space can be
implemented by means of a quantum circuit, in analogy with
the protocol devised for QST[22]. The projection is obtained
by combining Hadamard gates, Controlled-NOT (CNOT)
gates, a Toffoli gate and the projective measurement of an
ancilla qubit ã, initially in the state u0lã (Fig. 1). Let us
analyze here in more details the logic of this network. The
box “EPR preparation” prepares the singlet stateuC−lAB
starting from the qubitsu1lA and u1lB. Hence the state of the
overall system is

FIG. 1. Realization of the UOQCM and of the Tele-UNOT gate
by means of a quantum circuit.
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uflS ^ uC−lAB ^ u0lã =
1

2
f− uC−lSAuflB − uC+lSAssZuflBd

+ uF−lSAssXuflBd

+ uF+lSAssZsXuflBdg ^ u0lã. s6d

The box labeled(1) transforms the stateuC−lSA into u1lSu1lA,
while the other three Bell stateshuC+lSA, uF−lSA, uF+lSAj are
respectively transformed intohu0lSu1lA, u1lSu0lA, u0lSu0lAj. By
means of a Toffoli gate[24], the stateu1lSu1lA induces the
flipping of the qubitã from u0lã to u1lã, whereas the other
states leave the qubitã unaltered. The state after the Toffoli
gate operation reads

1

2
f− u1lSu1lAuflBu1lã − u0lSu1lAssZuflBdu0lã

+ u1lSu0lAssXuflBdu0lã + u0lSu0lAssZsXuflBdu0lãg.

s7d

Finally the action of the box labeled(2) restores the initial
states of the qubitsS andA leading to

uSlSABã=
1

2
f− uC−lSAuflBu1lã − uC+lSAssZuflBdu0lã

+ uF−lSAssXuflBdu0lã + uF+lSAssZsXuflBdu0lãg.

s8d

If the projective measurement on the ancilla qubitã gives as
result “1” the qubitsA andSend up in the stateuC−lSA while
the qubitB is in the stateufl, which has been then teleported
from A to B. If we obtain the result “0” the overall state
becomes equal touJSABl (3). The result of the ancilla mea-
surement is communicated to Bob and we realize the optimal
quantum cloning machine and the Tele-UNOT gate of the in-
put qubit ufl.

The circuit proposed by Brassard[25] to model QST, and
then realized by NMR techniques[26] achieves teleportation
by means of single qubit gates andCNOT gates. The present
scheme somewhat retraces the path of that circuit but there
an ancilla state and a Toffoli gate replace the Bell-
measurement device with the detection of the realization of
state-symmetrization by the measurement apparatus at the
site A. Moreover, the circuit proposed by Bužeket al. [10]
and realized adopting NMR technique[16], to model the
quantum cloning and theUNOT gate in the conventional de-
vices, e.g., in a QIOPA system[14], differs from the present
one since there QST is not considered explicitly.

B. Purification of single qubits

The circuit above represents a versatile tool for physically
implementing several relevant QI processes based on the
state symmetrization process. For instance it can be adopted
to implement the optimalquantum purificationof two qubits
according to the symmetrization scheme proposed by Cirac
et al. [20]. This one addresses the issue of the purification of
N equally prepared qubits in the mixed stater=juflkfu
+ 1

2s1−jdI, where 0øjø1. The procedure allows to distill

out of a set of mixed states a subset of states with a higher
degree of purity, i.e., the state purity is enhanced by filtering
out some amount of the noise. The purification scheme for
N=2, consisting of a projection of two polarizationspd en-
coded qubits onto the symmetric subspace, which can be
implemented by means of a symmetric beam-splitter(BS),
was recently reported by[21]. It can be easily checked that
this purification protocol can be modelled by the quantum
network of Fig. 1.

In order to further enlighten the connection between the
purification and cloning processes, let us consider the action
of the symmetric projector on two non entangled qubits hav-
ing the same orientation on the Bloch sphere but, generally,
with different degree of mixedness:

rS=
1 + lS

2
uflkfu +

1 − lS

2
uf'lkf'u, s9d

rA =
1 + lA

2
uflkfu +

1 − lA

2
uf'lkf'u. s10d

We apply the projectorPSA to the overall systemrS^ rA. The
success probability of the procedure is equal top= 1

4s3
+lAplSd. Let us introduce a parameterD= 1

2slA+lSd quan-
tifying the information over the input qubits. The mean fi-
delity Fin of the input qubits is found:Fin; 1

2skfurSufl
+kfurAufld= 1

2s1+Dd. After the projection the output qubits,
which areequal since they belong to the symmetric sub-
space, are

rout =
1 + lout

2
uflkfu +

1 − lout

2
uf'lkf'u, s11d

with lout=D /p. The fidelity of the output qubits reads

Foutsrout,ufld =
1

2
s1 + Dp−1d. s12d

For lS=1 andlA=0, p= 3
4, Fin=3/4 andFout=5/6.These

values indeed correspond to the optimal quantum cloning
based on symmetrization[22]. For the case of the qubit pu-
rification protocol,lS=lA=l the following relations hold:
p= 1

4s3+l2d, Fin= 1
2s1+ld andFout=

1
2s1+lp−1d.

III. PROGRAMMABLE OPTIMAL TELEPORTATION
OF ANY ANTIUNITARY MAP

As a consequence of the complete positivity(CP) charac-
ter of any realizable physical map[24], any antiunitary trans-
formation cannot be implemented with fidelityF=1. Any
general antiunitary operatorA can be expressed asA=UAK,
whereUA is a unitary operator depending onA andK is the
complex-conjugate operator that transforms any coefficient
multiplying a ket standing at the right ofK into its complex
conjugate[27]. K implements the transpose map of the den-
sity matrixr: Etranssrd;rT. For instance theNOT operator is:
ANOT=sYK, wheresY is a Pauli operator. We can then ex-
pressA as
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A = UAsYANOT. s13d

Precisely, let to express the given “impossible” antiunitary
processes as:Aufl= ufAl andANOTufl= uf'l. In the previous
sections we have seen how to implement the optimal ap-
proximation of the NOT operator with fidelityF* = 2

3. Such
transformation is performed by the map:EUNOTsuflkfud
= 2

3uf'lkf'u+ 1
3uflkfu. We may now ask what is the value of

F* of the optimal approximation to the general antiunitary
operatorA. It is easy to show that such value is againFA

=kfAuroutufAl= 2
3, the same as for theUNOT one. Indeed, con-

sider the action over the input density matrixr= uflkfu of the
map EAsrd. In virtue of Eq. (13) is AsANOTd−1=UAsY and
then

EAsrd = UAsYEUNOTsrdsYUA+ =
2

3
ufAlkfAu +

1

3
ufA'lkfA'u

s14d

leading toFA= 2
3. If we could approximateA with a higher

fidelity, then we could also implement aUNOT gate with
fidelity F.

2
3, which is impossible. We can then assert that

the maximum fidelity achievable in a optimal universal ap-
proximation to any general anti-unitary transformation ap-
plied to one qubit isF= 2

3. In other words, this lastF value
may be thought to establish aclassof one qubits antiunitary
maps.

Let us generalize the above concepts in the framework of
the QST protocol. Note first that, by exploiting the result of
Eq. (14) anyoptimal antiunitary operationcan be teleported
by adopting adifferent entangled state in the protocol de-
scribed in Sec. II. Let Alice and Bob share the maximally
entangled state obtained by anylocal transformation of the
singlet: uClAB=sIA ^ UB

†duC−lAB=sUA ^ IBduC−lAB where U
=exps−ifs ·nd /2=fcossf /2dI− i sinsf /2ds ·ng is a general
unitary that can be applied either at the Alice’s or at the
Bob’s sites. Let us discuss here the first option, the most
interesting one, by referring again to the Tele-UNOT protocol
[19]. After projection into the symmetric subspace, Alice de-
tects the two optimal clones of the input qubitrS while,
conditionally, Bob detects the qubitrB=U†EUNOTsrSdU, i.e.,
resulting from the application torS of the optimal approxi-
mation of the antiunitary operatorU†sYK. The choice ofU,
applied in the Alice’s site(or, alternatively the one ofU†

applied at Bob’s site) establishes the class of all anti-unitary
operatorsA to be teleported with fidelityFA= 2

3. For instance,
according to the discussion above,U=I, i.e., f=0, leads to
the optimal Tele-UNOT gate, whileU=sY, i.e., f=p /2 and
s ·n=sY, leads to the optimal teleported transposition gate
[28], etc. It is quite remarkable that, according to the QST
concept, both the input staterS and the operatorU are real-
ized and kept under control at the Alice’s site while the op-
timal antiunitary gate is transferred far apart by the noiseless
nonlocal channel. This novel universal and optimal “pro-
grammable gate-teleportation” process is represented in Fig.
2 by the insertion in the logical circuit of the general unitary
U. It may considered as a relevant realization of the universal
quantum processor reported by[29].

IV. ANGULAR MOMENTUM THEORY OF THE N\M
UNIVERSAL OPTIMAL CLONING AND OF THE

N\ „M −N… UNOT GATE

So far the quantum cloning ofN8=1 qubit into M8=2
qubits and the optimal flipping ofN8=1 qubit into sM8
−N8d=1 qubit have been considered. By generalizing the
Tele-UNOT protocol toN.1 identical input qubits andsM
−Nd.1 entangled pairs we obtain the teleportation ofsM
−Nd qubits optimally flipped at Bob’s site and, contextually,
the optimal realization at Alice’s site of theN→M cloning.
Let us briefly describe this protocol:N input qubits in the
state ufl=au0l+bu1l=Ufu0l are sent to Alice who shares
with Bob sM −Nd entangled pairs, all in thesinglet state to
guarantee the universality of the process:uC−l=2−1/2su0lu1l
− u1lu0ld. The initial state of the overall system isuVl
= ufl^NuC−l^sM−Nd=Uf

^Nu0l^NuC−l^sM−Nd. Alice applies the
projectorPsym

M over the symmetric subspace to herM qubits,
i.e., N input qubits +sM −Nd ancilla qubits, and communi-
cates to Bob the positive realization of the symmetrization
procedure by means of one classical bit. The overall input-
output protocol is enlightened by the scheme reported in
Fig. 3.

In order to simplify the demonstration of the optimality,
we exploit the universality of the projection procedure. In-
deed,

FIG. 2. General scheme for the simultaneous realization of the
teleportation of theUNOT gate(Tele-UNOT) and the universal quan-
tum cloning machine(UOQCM) by applying a projective operator.
The optional insertion on the channelA of a suitable unitary opera-
tor U allows the optimal teleportation of any antiunitary map at
Bob’s site.

FIG. 3. General scheme for the simultaneous realization of the
N→ sM −Nd Tele-UNOT gate and of theN→M UOQCM by apply-
ing the state-symmetrization projective operator.
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sPsym
M

^ IBdfUf
^Nu0l^NuC−l^sM−Ndg

= Uf
^s2M−NdPsym

M
^ IBu0l^NuC−l^sM−Nd s15d

for any UfPSUs2d. IB is the identity operator acting on the
Hilbert space of Bob’s qubits. The covariance property ex-
pressed in Eq.(15) is assured by the invariance of the singlet
state for simultaneous unitary operations on the two qubits
uC−l=Uf

^2uC−l and by the commutation property of the pro-
jector Psym

M : fPsym
M ,U^Mg=0. The covariance property allows

us to assume as input stateufl= u0l without lack of general-
ity.

In the following part of this section a very general and
comprehensive theory of the universal optimal cloning and
UNOT gate is given by adopting, in a straightforward fashion,
the well establisheduJ,Jzl angular momentum formalism of a
generalJ-spin system[30]. The overall symmetric state of
the N input qubits is taken to corresponds to a system with
total spinN/2: u0l^N= u 1

2 , 1
2l^N= uN/2 ;N/2l. Accordingly, the

joint state of theN input qubits and ofsM-Nd entangled pairs
uVl is reexpressed in the spin formalism asuN/2 ;N/2l
^ u0,0l^M−N= uN/2 ;N/2l because theM-N singlets contrib-
ute to the total spin withJ=Jz=0. The symmetrization pro-
jector Psym

M is defined as: Psym
M =ok=0

M uM /2 ;M /2
−klkM /2 ;M /2−ku because all symmetrized “cloned” spins
are equally directed in the Poincaré space and the projection
is over the maximum allowed value ofJ. After the action of
Psym

M we obtain the following normalized output state:

uV8l =

Psym
M

^ IBUN

2
;
N

2
L

UPsym
M

^ IBUN

2
;
N

2
LU

= o
k=0

M−N

bkUM

2
;
M

2
− kL

A

^ UM − N

2
;
− sM − Nd

2
+ kL

B

,

s16d

where

bk = s− 1dkÎsN + 1d/sM + 1d

3ÎsM − Nd ! sM − kd!/M ! sM − N − kd!

is the Clebsch-Gordan coefficient
k j1;m1k; j2;m2ku j1; j2; j tot;mtotl with j1=M /2, j2=sM −Nd /2,
m1k=M /2−k, m2k=−sM −Nd /2+k, j tot=N/2, mtot=N/2
([30], Chap. 3.6). In the above representation, the overall
output state of the cloner is written as the composition of two
angular momenta:JC, JAC defined respectively over the
“cloning” and “anticloning” output channels. In the present
context, these angular momenta correspond to the output
states realized at the Alice’s and Bob’s sites, respectively.
The success probability of the procedure isuPsym

M

^ IBuN/2 ;N/2lu2=s1/2M−Nds1+Md / s1+Nd. We note that the
sM −Nd Bob’s qubits assume the maximum allowed value of
J=sM −Nd /2, thus they lie in the symmetric subspace in
analogy with the Alice’s ones.

The fidelities of the cloning and of theUNOT processes
can be inferred rearranging the output state(16) as follows:

uV8l = o
k=0

M−N

bkuhsM − kdf;kf'jlA ^ uhkf;sM − N − kdf'jlB.

s17d

The notationuhpf ;qf'jl stands for a total symmetric com-
bination of p qubits in the stateufl and of q qubits in the
stateuf'l. All the sp+qd qubits belonging in such state have
an identical reduced density matrix equal to

rp,q =
p

p + q
uflkfu +

q

p + q
uf'lkf'u. s18d

The fidelity Fclon of the cloning process is thus

FN→M = o
k=0

M−N

ubku2kfurM−k,kufl = o
k=0

M−N

ubku2Fclon
k

=
N + 1 +b

N + 2
, b = N/M , s19d

whereFclon
k =sM −kd /M is the fidelity of thekth term of the

summation derived from the expression(18). The above ex-
pression ofFN→M coincides with the one given in literature
[7] and in Sec. I, above. For theUNOT process we obtain

FN→sM−Nd
* = o

k=0

M−N

ubku2kf'urk,M−N−kuf'l = o
k=0

M−N

ubku2FUNOT
k

=
N + 1

N + 2
, s20d

where FUNOT
k =sM −N−kd / sM −Nd. This value coincides

with the optimal fidelity given by Massar and Popescu[5] of
any general measurement ofN equal and unknown qubits.
Thus we retrieve the result by which, as far as fidelity is
concerned, theUNOT process is equivalent to a quantum es-
timation measurement followed by a “classical” inversion of
the corresponding outcomes[12]. However, as already noted
in Sec. I, this is not the case for quantum cloning where the
extra term~b in Eq. (19) accounts for the residual informa-
tion stored in the entanglement of the output “clones.”

In analogy with the 1→2 UOQCM protocol analyzed in
Sec. II, we note once again that the entangled source is not
strictly necessary in order to achieve solely theN→M clon-
ing process as for this purpose onlysM −Nd ancilla qubits in
a fully mixed state are needed[11]. Furthermore, as a further
generalization of the results of Sec. III above, by starting
with pairs bearing a different entanglement structure it is
possible to teleport a generic, optimal anti-unitary transfor-
mation. For instance, the adoption of theentangled state
uF+l=2−1/2su0lu0l+ u1lu1ld leads to the quantum cloning ma-
chine given by Gisin and Massar[6] by which thesM −Nd
qubits teleported to Bob represent theoptimally transposed
transformation of the input qubits. More about this process is
reported in Sec. VI below.

V. EXPERIMENTAL OPTICAL IMPLEMENTATIONS

In the experiments reported in[19,22], the input qubit was
codified into thepolarization spd state of a single photon
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belonging to the modekS: uflS=auHlS+buVlS, whereas an
entangled pairuC−lAB of photonsA andB, was generated on
the modeskA and kB by spontaneous parametric down-
conversion(SPDC). The projective operationin the space
H=HS^ HA was realized by exploiting the linear superposi-
tion of the modeskS andkA within a 50:50beam splitter, BSA
(Figs. 4–6). This superposition allows a partial Bell measure-
ment on the BSA output states which is needed to implement
the cloning machine and the Tele-UNOT gate. Consider the
overall output state realized on the two modesk1 and k2 of
BSA and expressed by a superposition of the Bell states:
huC−lSA, uC+lSA, uF−lSA, uF+lSAj. The realization of the singlet
uCSA

− l is identified by the emission of one photon on each
output mode of BSA, while the realization of the other three
Bell states implies the emission of 2 photons either on mode
k1 or on modek2. This Ou-Mandel interference process, ex-
pressing aBose mode coalescence(BMC) of the two photons
over the same mode, was experimentally identified by a co-
incidence event between two detectors coupled to the output
modek2 by means of an additional 50:50 beam splitter. The
identical effect expected on modek1 was neglected, for sim-
plicity. As just shown, this condition assured the simulta-
neous experimental realization of theUNOT and UOQCM
processes, here detected by apostselectiontechnique.

Note that, while the present Tele-UNOT protocol with
p-encoded qubits is fully realizable by linear optical meth-
ods, the full implementation by these methods of the Bell
measurement in the standard QST protocol is impossible
[31]. Hyperentanglement with additional degrees of freedom
[32] or a network ofCNOT gates are required to perform that
task. In general, by a balanced beam splitter a POVM mea-
surement is able to distinguish between the symmetric and

the asymmetric components of the overall state of two qu-
bits. Indeed, the projection into the symmetric space lies at
the core of the cloning process, as epitomized by the present
work [11,19,22,33]. The cloning process was investigated in
two independent experiments which enlighten different fea-
tures of the protocol. The first experiment, involving only
two photons generated by the same SPDC process, demon-
strated that an entangled state is not necessary for the
UOQCM implementation and achieves a fidelity close to the
limit value. The second one, which adopts photons belonging

FIG. 4. Setup for the optical implementation of theOu-Mandel
cloning and corresponding results for three input qubits.Filled
squares, plots corresponding to the “correct” polarization;open tri-
angles, plots corresponding to the “wrong” polarization. The solid
line represents the best Gaussian fit expressing the correct polariza-
tion. These options also apply to Figs. 5 and 6.

FIG. 5. Setup for the optical implementation of thecloning pro-
cessin a modified teleportation scheme. The corresponding results
for three input qubits are also reported.

FIG. 6. Setup for the optical implementation of the Tele-UNOT

gate and corresponding results for three input qubits.
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to independent sources, experimentally demonstrated the
overall process.

A. Ou Mandel cloning

In order to clone the input qubitS, an entangled state of
the qubitsA andB was not necessary as only a qubitA in a
fully mixed state was needed[22]. Hence we carried out a
first experiment involving only two qubits. A pair of photons
with equal wavelengthl=532 nm and coherence-timetcoh
=80 fs, was generated by a SPDC process in a type I BBO
crystal in the initial polarization product stateuHlSuHlA (Fig.
4). The nonlinear(NL) crystal was pumped by a continuous-
wave(cw) UV beam with wavelengthl=266 nm, created by
fourth-harmonics generation in a OPO cavity(coherent-
:MBD266) by a cw Nd:YAG laser(coherent:VERDI) with
wavelengthl=532 nm. This sophisticated system provided a
true single mode UV beam with linewidth,100 MHz and
high power, up to 400 mW allowing a high coincidence rate.
The photonsS andA from SPDC pairs were injected on the
two input modeskS andkA of BSA with an adjustable mutual
temporal delayDt. The input qubit uflS associated with
modekS was polarization encoded by means of a waveplate
WPS. The transformation used to map the stateuHlA into
rA=IA /2 was achieved by stochastically rotating, during
each experimental run, al /2 waveplatesWPAd inserted on
the modekA. In this way the statistical evolution ofuHlA into
two orthogonal states with equal probability was achieved.

The p state on the output modek2 of BSA was analyzed
by the combination of the waveplate WPC and of thepolar-
izing beam splitter(PBS): PBSC. For each inputp stateuflS,
WPC was set in order to make PBSC to transmit ufl and
reflect uf'l. The “cloned” stateuffl could be detected on
mode k2 by a two-photon counter, realized in our case by
first separating the two photons by an additional 50:50 beam
splitter BSC and then detecting the coincidencefDC,DC8 g be-
tween the output detectorsDC and DC8 : Fig. 4. Any coinci-
dence betweenDC

* andDC8 corresponded to the realization of
the stateuff'l. First consider the cloning machine switched
off by spoiling the interference ofS and A in BSA, i.e., by
settingDt=Z/ s2cd@tcoh, Z being a micrometrical displace-
ment of BSA. In this case, since the statesuffl and uff'l
were realized with the same probability on modek2, the rate
of coincidences detected byfDC,DC8 g were expected to one-
half of the one detected byfDC

* ,DC8 g. By turning on the clon-
ing machine, i.e., by settingDt<0 the output density matri-
ces rS, rA (4) were realized on the modek2 with an
enhancement ratioR=2 of the counting rate by the set
fDC,DC8 g and no rate enhancement byfDC

* ,DC8 g. All adopted
photodetectorssDd were SPCM-200 single photon counters
and interferential filters with bandwidthDl=5 nm were
placed behind them.

The experimental data are reported in Fig. 4 for three
different input p states: uflS= uHl ,2−1/2suHl+ uVld ,2−1/2suHl
+ i uVld. There square and triangular marks refer respectively
to the fDC,DC8 g and fDC8 ,DC

* g coincidences versus the time
setting Z. The corresponding experimental values of the
cloning fidelity F=s2R+1d / s2R+2d are FH=0.827±0.002,
FH+V=0.825±0.002, andFH+iV=0.826±0.002. These values

are in good agreement with the optimal valueF1→2=5/6
=0.833 corresponding to the limitS/N value:R=2. A similar
experiment could be performed by adopting a single photon
source to produce an ancilla photon on modek2 [34].

B. Cloning+Tele-UNOT gate

To further investigate the UOQCM, in a second experi-
ment we employed two independent photons generated by
uncorrelated processes: the input qubit was obtained by
strongly attenuating a coherent beam while the ancilla pho-
ton was generated by a SPDC process. In order to observe
the UOQCM process the indistinguishability between the
two photons at the output modek2 of BSA had to be attained
by realizing asingle output mode condition with the best
possible approximation, as we shall see shortly.

The source of the SPDC process was a Ti:Sa mode-locked
pulsed laser(coherent: MIRA) with wl l=795 nm and rep-
etition rate 76 MHz(Fig. 5). A weak beam, deflected from
the laser beam by a partial reflecting mirrorM, was strongly
attenuated by filterssAtd and delayed byZ=2cDt via a mi-
crometrically adjustable optical “trombone.” This beam was
the source of thequasi-single-photon state injected into BSA
over the modekS. The average number of injected photons
was n̄.0.1. Different qubit statesuflS were prepared via a
l /2 or l /4 waveplate WPS. The UV laser beam with wave-
length lp=397.5 nm, generated by second-harmonicsgen-
eration, excited the SPDC source of thesinglet uC−lAB. The
photonsA and B of each entangled pair were emitted over
the modeskA andkB with equal wavelengthsl=795 nm. All
adopted photodetectorssDd were SPCM-AQR14 single pho-
ton counters.

In order to observe the Ou-Mandel interference at the out-
put of BSA a highspatial indistinguishability of the photons
A andS was provided by a single mode selector(MS), real-
ized by a 5 m long single-mode fiber, inserted on modek2 by
a fiber coupler Thor LabsKT110. The fixedp-transformation
induced by the propagation inside the fiber was compensated
by a Babinet compensator(BC) and al /2 waveplate. The
induced rotation was stable up to 1% for more than 1 day.
An interferential filter(IF) with bandwidthDl=3 nm placed
in front of eachD determined the coherence time of the
detected pulses:tcoh.350 fs. Two fixed quartz platessQd
inserted on the modeskA andkB provided the compensation
for the unwanted walk-off effects due to the birefringence of
the BBO(b-barium borate) nonlinear(NL) crystal providing
the source of SPDC.

In order to demonstrate the realization of the linear
UOQCM process, the statesrA andrS of the clonesA andS
at the output of BSA were investigated. According to the
analysis given in Sec. II, expressed by Eq.(4), we would
expect rS=rA=s5rIN+rIN

' d /6 where rIN= uflkfu. The mea-
surements were realized on the BSA output modek2 by
adopting the apparatus shown in Fig. 5. Thep stateon this
mode was analyzed by the combination of the waveplate
WPC and of the polarizer beam splitters PBS. For each input
p-stateuflS, WPC was set in order to make PBS to transmit
ufl and reflectuf'l. The “cloned” stateuffl was detected
on modek2 by the coincidence setfDC DC8 g. The generation
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of an entangled pair was tested by detection of one photon on
the modekB by DB. Any coincidence detected by the sets
fDC,DC8 ,DBg andfDC,DC

* ,DBg implied the realization of the
statesuffl anduff'l, respectively. The experimental results
of the signal-to-noisesS/Nd ratio R, carried out by coinci-
dence measurements involving fDC,DC8 ,DBg and
fDC,DC

* ,DBg are reported in Fig. 5, again for the three dif-
ferent inputp states: uflS= uHl, uflS=2−1/2suHl+ uVld, uflS

=2−1/2suHl+ i uVld. The square and triangular markers there
refer respectively to thefDC,DC8 ,DBg and fDC,DC

* ,DBg co-
incidence plots vs the delayZ. The following values of the
cloning fidelity F=s2R+1d / s2R+2d were found FH
=0.821±0.003,FH+V=0.813±0.003,FH+iV=0.812±0.003 to
be compared with theoptimal F1→2=5/6<0.833 corre-
sponding to the limitS/N value: R=2. These results have
been evaluated by taking into account the reduction, by a
factor j=0.7, of theS/N ratio R due to unwanted coinci-
dence rates attributable to the spurious simultaneous injec-
tion of two photons on the modekS and to simultaneous
emission of two SPDC pairs. The factorj was carefully
evaluated by a side experiment.

In order to realize the Tele-UNOT protocol, the “Bose coa-
lescence” process was detected on the output modek2 of BSA
by the coincidencefD2 D2

*g as shown in Fig. 6. At Bob’s site,
the polarization state on the modekB was analyzed by the
combination of the waveplate WPB and of PBSB. For each
input p stateuflS, WPB was set in order to make the PBSB to
transmit uflB and to reflectuf'lB, by then excitingDB and
DB

* correspondingly. First consider the QST turned off, by
setting the optical delayuZu@ctcoh. In this case, since the
statesuflB anduf'lB were realized with the same probability
on modekB, the rate of coincidences detected by theD sets
fDB,D2,D2

*g andfDB
* ,D2,D2

*g were expected to be equal. By
turning on the QST, i.e., by settinguZu!ctcoh, the output
staterB

out=s2rIN
' +rINd /3 was realized then implying anen-

hancementby a factorR=2 of the counting ratefDB
* ,D2,D2

*g
and no enhancementof fDB,D2,D2

*g. The corresponding
3-coincidence results shown in Fig. 6 and involving these
3-detector sets correspond to the injection of three different
input p states: uflS= uHl, uflS=2−1/2suHl+ uVld, uflS

=2−1/2suHl+ i uVld. As such these results indeed demonstrate
the universality of the Tele-UNOT process. In Fig. 6 the
square and triangular markers refer respectively to the
fDB

* ,D2,D2
*g and fDB,D2,D2

*g coincidences versus the delay
Dt. The Tele-UNOT process was found only to affect the
uf'lB component, as expected. TheS/N ratio R was deter-
mined for each resonance curve as the ratio between the
values of the resonance peak, i.e., forZ.0, and the no en-
hancement value, i.e., foruZu<0. The experimental values of
the UNOT fidelity F* = R/ sR+1d were found, in corres-
pondence with the three injectedp states uflS: FH
=0.641±0.005,FH+V=0.632±0.006,FH+iV=0.619±0.006 to
be compared withF1→1

* =R/ sR+1d=2/3=0.667. As for the
cloning experiment, the measured correcting factorj=0.7
has been used to evaluate of the value of the fidelity.

VI. STOCHASTIC EXPERIMENTAL REALIZATION
OF THE OPTIMAL TRANSPOSE MAP

In Sec. III the link existing between all optimal antiuni-
tary operations has been considered. In the present section a

simple and significant implementation of the optimal ap-
proximation to thetranspose map Kis reported by a different
approach. The optimal transpose mapEtr has the following
Kraus representation[24]:

Etrsrd =
1

3
sIrI + sXrsX + sZrsZd. s21d

The action of the mapEtr can be viewed as the equiprobable
occurrence of three different operators,I, sX and sZ. Such
transformation can be achieved either by the action of an
unitary operator into a larger system or by a stochastic evo-
lution of the system.

Let us outline the importance of theK andEtrsrd transfor-
mations in the context of quantum information. The trans-
pose mapK is a P map, as said. As such it transforms en-
tangled states into nonphysical ones. It is exactly this
property that makes the transposition operation so important
in all criteria of inseparability for two qubit systems. A bi-
partite staterAB of two qubits,A andB, is entangled if and
only if the density matrixIA ^ KBsrABd has a negative eigen-
value[35], where the operationIA ^ KB is commonly referred
to partial transpose operation. An experimental limitation of
this criteria is that it requires complete knowledge of the
staterAB. Recently, Horodecki and Ekert have found an ex-
perimental method for a direct detection of quantum en-
tanglement exploiting the former criteria[36]. It consists of

applying the mapIA ^ KB
˜ =f 1

3EUNOT−A ^ EDEP−B+ 2
3IA ^ Etr-Bg

to the state rAB where EDEPsrd= 1
4sIrI+sXrsX+sYrsY

+sZrsZd represents a depolarizing channel. Note, in the ex-
pression above, the appearance of both the optimalUNOT

map and of theoptimal transposemaps. The measurement of

the lower eigenvalueLmin of IA ^ KB
˜ srABd is a syndrome of

the separability of the state. In particular,Lminø
2
9 is found to

imply entanglement[36]. In this framework it is important to
achieve a high fidelity and reliable implementation of the
stochastic optimal transpose map.

Let us consider the most general single qubit map based
on the 4D vectorial representation of the qubit density opera-
tor r= 1

2sI+rW ·sW d written in terms of the vectors1,rWd in the
4-dimensional spacehs0; I ,si , i =1,2,3j. Any map E is
fully characterized by a 434 real matrixM , which mapsr
into the density matrix:r8=Mr. In particular anycomplete
positivemap has the following matrix representation

M = S1 0

tW T
D , s22d

whereT is a 333 matrix andtW is a 3D vector[37]. The 4
34 matrix M tr associated with the mapEtr transpose reads

M tr =1
1 0 0 0

0 1/3 0 0

0 0 − 1/3 0

0 0 0 1/3
2 . s23d

We have implemented the optimal transpose gate by sto-
chastically applying the identityI and Pauli operatorssX and
sZ. In particular the random feature of the map was realized
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in an ergodic fashion in the time domain, by alternate on/off
switching of suitable optical devices, indeed waveplates, as
shown shortly.

In the experiment carried out, the input qubit was codified
into thep stateof a single photon and the Pauli operatorssZ
and sX were realized adoptingl /2 waveplates respectively
with angle settingu equal to 0° and 45°. A very general
reconstruction of the optimal transpose transformation was
experimentally attained adopting the well knownentangle-
ment assisted quantum process tomography(EAQPT) [38].
This technique exploits the quantum parallelism associated
with any entanglement process: the unknown map to be char-
acterized acts on a subsystem of a bipartite entangled state
and all the information about the map is obtained from the
reconstruction of thetransformedbipartite state. Indeed there
is a one-to-one correspondence between the map and the
final state. In this way only one input bipartite entangled
state is needed to realize EAQPT.

Two entangled photons over the modeskA and kB in a
singlet-stateof polarization with common wavelengthl
=2lp=795 nm were created by SPDC in a 1.5 mm thick
BBO NL crystal pumped by a mode-locked beam with wave-
lengthlp [Fig. 7(a)]. We have fully characterized the imple-
mented stochastic mapEexp by reconstructing the associated
representation matrixM exp by using of the inputentangled
staterAB of the two photons. The first step consisted of per-
forming the quantum state tomography of the input system
rAB. In a following step the qubit associated with modekA,
call it “qubit A,” was left unchanged while the “qubit B,”
associated with the modekB underwent theEexpsrd transfor-
mation. Note that this procedure implies the investigation of
the unknown mapEexpsrd, by a completespan over the Hil-
bert spaceHB of the injected “qubitB” because of its fully
mixed-statecondition. The final state of the two qubitsrAB8
=IA ^ Eexp−BsrABd was again investigated by tomographic

characterization. Finally, the matrixM exp was estimated by
means of the experimentally determined density matricesrAB
and rAB8 by adopting the relation:M exp

T =C−1C8. In this ex-
pression Ci,j=0,3=TrfssiA ^ s jBdrABg and Ci,j=0,38 =TrfssiA

^ s jBdrAB8 g are the measured correlation matrices used to re-
constructrAB andrAB8 , respectively. We note that for an en-
tangled state the matrixC is always invertible. The EAQPT
reconstruction ofM exp is shown in Fig. 7(b).

In order to compare the matrixMexpassociated to the map
Eexp with the matrixMtr corresponding to the optimal trans-
pose operationEtr (23), we introduce the fidelityFsE ,Ld
=edC FfEsuClkCud ,LsuClkCudg that quantifies the overlap
between two generic mapsE and L [39,40]. In the present
context we obtainFsEtr ,Eexpd=1.01±0.01. We may compare
the diagram reported in Fig. 7(b) with the structure of the
matrix M tr. The correspondence is quite impressive.

Note that the above stochastic transformation cannot be
reversed, i.e., the initial state can not be restored and the
information encoded in the output is lost in the environment.
This is at variance with the optimal Tele-UNOT protocol de-
scribed in Secs. II and III[19] or the optimalUNOT gate
based on the stimulated emission[12]. These transformations
are indeed reversible: there the information about the input
qubit, redistributed into several qubits(the flipped qubit and
the two clones: ancilla qubits) can be reconstructed, e.g., by
a protocol suggested by Brusset al. [41].

VII. CONCLUSIONS

The universalNOT gate and the universal optimal quan-
tum cloning have beencontextuallyimplemented applying
the projection over the symmetric subspace to the input qubit
and to an appropriate ancilla system. This procedure has
been found to consist of a modified quantum state teleporta-
tion scheme. All these protocols, extended to the case of an
unlimited number of cloned or ancilla qubits, have been
comprehensively and straightforwardly accounted by a very
general approach based on the well established angular mo-
mentum theory. By this approach many subtle connections
with the programmable optimal teleportation of other more
exotic antiunitary transformations has been recovered. Most
of these theoretical results have been substantiated by the
corresponding experiments, also reported here. In particular,
the linear implementation of theteleportation of a quantum
gatehas been reported. It is an important tool to be adopted
for the realization of complex QI networks since it allows to
relax experimental constraints in order to achieve fault-
tolerant processing[42]. Indeed the linear-optics quantum
computation exploits the gate teleportation in order to trans-
form a probabilistic computation into a nearly deterministic
one[43]. Finally the stochastic feature of the optimal partial
transpose has been experimentally characterized in the paper.

At last, it would be enlightening to compare the above
results reported in this paper with the ones obtained recently
by the adoption of thequantum injectednonlinear(NL) para-
metric amplifier(QIOPA) [17,12–14]. There the symmetriza-
tion procedure implied by cloning is provided automatically
by the QED stimulated photon amplification process involv-
ing at the same time the injected qubit and thevacuum field.

FIG. 7. Setup for the optical implementation of the entangle-
ment assisted quantum process tomography(EAQPT) of a stochas-
tic map implementing the optimal partial transpose(a). Experimen-
tal reconstructed matrix operationM exp (b).
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In other words, the QIOPA realizes symmetrization, cloning
and entanglement within a unique fundamental, state-
symmetrizing QED process. Furthermore, there the vacuum
amplification may be thought to somewhat replace the mixed
field associated with the modekA in the linear symmetriza-
tion scheme shown in Fig. 4. In addition, the vacuum ampli-
fication provides the squeezed vacuum noise(SVN) that nec-
essary affects in the QIOPA thedeterministicrealization of
the non-CP(cloning andUNOT) maps. In the linear case, the
nonprobabilisticoptimal realization of these maps replaces
exactly the amount of lost information implied by SVN. In
summary, the two conceptual approaches to cloning already
discussed in Sec. I, i.e., the symmetrization and the QED
amplification, appear to be connected by subtle quantum me-
chanical links. We believe to have enligthened in the present
paper at least some of the most interesting of these links. We

believe that the actual results, the suggestions and the open
problems contributed by the present work could be useful at
least by setting measurement bounds and fundamental per-
formance limitations in the domain of quantum information
and quantum estimation.
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