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Generating entangled superpositions of macroscopically distinguishable states
within a parametric oscillator
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We suggest a variant of the recently proposed experiment for the generation of a kind of mesoscopic
superposition quantum state~a Schro¨dinger-cat-type state!, using two coupled parametric down-converter
nonlinear crystals@F. De Martini, Phys. Rev. Lett.81, 2842~1998!#. We study the parametric oscillator case
and find that an entangled Schro¨dinger-cat-type state of two cavities, whose mirrors are placed along the output
beams of the nonlinear crystals, can be realized under suitable conditions.@S1050-2947~99!06408-2#

PACS number~s!: 42.50.Dv, 03.65.Bz
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I. INTRODUCTION

Schrödinger-cat-type states~mesoscopic superpositio
quantum states! @1,2# are most important in the domain o
fundamental quantum mechanics, since the study of t
progressive decoherence@3,4# would provide a better under
standing of the transition from thequantumto theclassical
world @5#. However, due to their extreme sensitivity to th
decoherence caused by the interaction with the environm
such linear superpositions of macroscopically distinguisha
states are difficult to produce and to observe@3,4#. In the last
few years, a major effort in this field has led to the expe
mental production and detection ofmesoscopicsuperposi-
tions of distinct states, both in the context of the single-mo
microwave cavities@4# and of the dynamics of the center-o
mass motion of a trapped ion@6#. On the other hand, en
tanglement has been widely recognized as one of the es
tial and most puzzling features of quantum mechanics@7# in
that it allows the existence ofquantum correlatedstates of
two noninteracting subsystems; entangled states play a
cial role in the so-called Einstein, Podolsky, and Rosen p
dox @8#, and are essential in the rapidly growing field
quantum information, as they allow the feasibility of qua
tum state teleportation@9#, quantum cryptography@10#, and
quantum computation@11#.

In two recent papers@12#, one of us has proposed
scheme for the generation of a kind ofamplified
Schrödinger-cat-type state. It is based on the concept
quantum injectioninto an optical parametric amplifier~OPA!
operating in anentangledconfiguration.

As a relevant variant and a natural extension of the ab
scheme, in the present work we analyze the case of quan
injection in an optical parametric oscillator~OPO! in which
two optical cavities are added to the OPA scheme consid
in Ref. @12#; refer to Fig. 1. Since the presence of the cavit
leads to a large enhancement of the nonlinear~NL! paramet-
ric interaction, the number of the photon pairs which a
expected to be generated, in practical conditions, by the O
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scheme, is far larger than in the amplifier condition; in ad
tion, the generation of parametrically coupled quasicoher
fields represents, in this context, an appealing perspectiv

The Schro¨dinger-cat-type state that has been put forwa
in Ref. @12#, and is being analyzed in a more detailed fash
in the present paper, is a superposition of two macrosco
states, which are distinguished by their polarization. It can
considered a sort of amplified version of the polarizatio
entangled states, which have been widely used in the last
years for the demonstration of the violation of Bell’s inequ
ity @13,14#, of teleportation@9#, and for the generation o
Greenberger-Horne-Zeilinger states@15#.

The present paper is organized as follows. In Sec. II
briefly describe the process of type-II parametric dow
conversion, with an emphasis on the kind of entangled st
usually produced in these experiments, and on the state
want to generate. In Sec. III we outline the experimen
apparatus needed for the realization of our scheme. We
vote Sec. IV to the presentation of the dynamical time e
lution of the density matrix and of the Wigner function in o
system, and Sec. V to the discussion of the stability con
tions for our parametric oscillator. In Sec. VI we set t
initial conditions for the two coupled nonlinear crystals a
the two cavities, whereas the way in which the cat state
produced is discussed in detail in Sec. VII. Sec. VIII is d
voted to the presentation of the three methods we propose
detecting and characterizing the Schro¨dinger-cat-type state
photodetection~Sec. VIII A!, measurement of the second
order quantum coherence~Sec. VIII B!, and Wigner function
reconstruction~Sec. VIII C!. We finally summarize and dis
cuss our results in Sec. IX. The Appendix is devoted to
development of the small interaction time approximation.

II. ENTANGLEMENT GENERATING
PARAMETRIC DOWN-CONVERSION

Let us first describe the kind of states commonly gen
ated in the experiments aimed at the violation of the Be
inequalities. In these experiments the NL crystal~typically
beta barium borate! is cut for type-II phase matching wher
the two down-converted photons are emitted into two con
one ‘‘ordinary’’ polarized (o), the other ‘‘extraordinary’’
1636 ©1999 The American Physical Society
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PRA 60 1637GENERATING ENTANGLED SUPERPOSITIONS OF . . .
polarized (e). When the angle between the pump directi
and the nonlinear crystal optical axis is sufficiently lar
@13#, the two cones mutually intersect along two lines, lyi
on opposite sides of the pump beam direction. These o
identify the output modes of the parametric down conv
sion: kW j ( j 51,2). Therefore, the field belonging to th
modeskW j can be simultaneouslye- ando-polarized. In typi-
cal conditions, the output state of the emitted photon cou
may be expressed by@9,12,16#

uc&5
1

A2
~ ue1 ,o2&1eifuo1 ,e2&). ~2.1!

Since we have, for each couple, four degrees of freed
involved, i.e., two states of orthogonal linear polarizatione,
o for each modekW j , we can rewrite state~2.1! in the more
precise form

uc&5
1

A2
~ u1&1eu1&2ou0&2eu0&1o1eifu1&1ou1&2eu0&1eu0&2o),

~2.2!

which will be used in the following.
The ‘‘Schrödinger-cat-type state’’ we want to generate

a sort of amplification of this state, that is, it may be e
pressed in the form

uc&5
1

A2
~ ucN&1eucN&2ou0&2eu0&1o

1eifucN&1oucN&2eu0&1eu0&2o), ~2.3!

whereucN& is a state with a large number of photons in so
sense, and the statesu0& are to be interpreted here a
squeezed vacuum states. This kind of state is different f
the traditional Schro¨dinger-cat-type states discussed in t
quantum optics literature@3,4#, where one has asinglemode
of the electromagnetic field in a superposition of two mac
scopic states with different phases of the field. The state~2.3!

FIG. 1. Scheme of the experimental apparatus required for
generation and detection of entangled superpositions of ma
scopically distinguishable states; the idler beam (k2) of the first
nonlinear crystal NL1 is used to inject a second nonlinear cry
NL2, while its signal beam (k1) triggers the photodetectorD1 after
passing through a polarizer. Modesk2 and k3 are placed within
couples of mirrors. The detection apparatus—a rotator, a polari
beam splitter PBS, and the two detectorsDc and Dd—probes the
field alongk2, partially leaking through one of the mirrors of th
parametric oscillator.
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is a nonlocal superposition in which a macroscopic optic
field is ‘‘localized’’ simultaneously either in thee- or in the
o-polarized mode. In other words, it is a state more similar
nonlocal field states, such as

uc&5
1

A2
~ ua&1u0&21u0&1ua&2), ~2.4!

where the field can be simultaneously in one cavity, or
another cavity and whose generation is discussed in@17#.

We shall present here an experimental scheme for
generation of a state which is actually a mixed state,
nonetheless, has the same structure of the state of Eq.~2.3!,
that is, can be represented by the density operator

r5
1

2
@r~N!1e,2o^ r~0!1o,2e1r~0!1e,2o^ r~N!1o,2e

1r~ INT!1e,2o^ r~ INT8!1o,2e

1r~ INT!1e,2o
†

^ r~ INT8!1o,2e
† #, ~2.5!

wherer(N) is a two-mode mixed state with a large numb
of photons,r(0) is a two-mode mixed state with a sma
number of photons andr(INT) and r(INT8) are the inter-
ference terms.

III. EXPERIMENTAL SCHEME

We shall consider an experimental arrangement, Fig
based on the one proposed in Ref.@12# and similar to that
adopted in Refs.@18# to show the realization of inducing
coherence, without induced emission, and in Ref.@19# where
a ring cavity configuration has also been considered. T
down-converter NL crystals are arranged in such a way
the two corresponding idler beams are aligned along a c
mon directionkW2. Moreover, both idler beams and the sign
beam of one NL crystal~with wave vectorkW3) are placed
within couples of mirrors. This scheme can be thought of
realize the coupling of two nondegenerate OPOs. The sig
beam of the other crystal, emitted along the directionkW1
triggers the photodetector D1.

The directionskW1 , kW2, and kW3 are selected to realize fo
both NL crystals the type-II phase matching described
fore. These beams are then associated with six modes,
annihilation operatorsa1o , a1e , a2o , a2e , a3o , and a3e .
Note that the first two annihilation operators refer to trav
ing waves, while the last four refer to cavity modes.

The dynamics of the system is determined by the non
ear parametric interaction at each crystal and by the dam
terms associated with losses and dissipation inside the c
ties @20#, as we shall see in the next section.

IV. TIME EVOLUTION FOR THE DENSITY MATRIX
AND THE WIGNER FUNCTION

The partial Hamiltonian operators describing the unita
dynamics inside the crystals are given by@21#

ĤNL15 i\x1~ â1e
† â2o

† 2â1eâ2o!1 i\x1~ â1o
† â2e

† 2â1oâ2e!,
~4.1a!
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ĤNL25 i\x2~ â2o
† â3e

† 2â2oâ3e!1 i\x2~ â2e
† â3o

† 2â2eâ3o!,
~4.1b!

wherex15e1x (2), x25e2x (2), x (2) is the second-order non
linear susceptibility of the crystals, ande i ( i 51,2) is the
pump intensity in crystals 1 and 2, respectively, which
assumed to be ‘‘classical.’’

Due to the explicit presence of dissipation in this proble
one has to write the master equation for the reduced den
matrix of the combined system, which arises from t
Hamiltonian terms~4.1a! and ~4.1b! and from the damping
terms

Lir5k i~2âirâi
†2âi

†âir2râi
†âi !, ~4.2!

for i 52e,2o,3e,3o. Since the damping constantsk i are es-
sentially connected to the transmittivity of the mirrors, it
quite natural to assumek2e5k2o5k2 andk3e5k3o5k3.

Upon writing the full master equation for the total dens
matrix rT of the ~six-mode! system, it appears clear that th
dynamics of the six modes actually decouples into two in
pendent dynamics for two groups of three modes. In fa
one has

ṙT5L1e22o23erT1L1o22e23orT , ~4.3!

where

L1e22o23erT52
i

\
@Ĥ1e22o23e ,rT#1k2~2â2orTâ2o

†

2â2o
† â2orT2rTâ2o

† â2o!1k3~2â3erTâ3e
†

2â3e
† â3erT2rTâ3e

† â3e! ~4.4!

and

Ĥ1e22o23e5 i\x1~ â1e
† â2o

† 2â1eâ2o!

1 i\x2~ â2o
† â3e

† 2â2oâ3e!. ~4.5!

L1o22e23o is identical toL1e22o23e up to the substitution
e˜o ando˜e. As a consequence, the complete time e
lution will be of the form

rT~ t !5eL1e22o23eteL1o22e23otrT~0!. ~4.6!

From Eq.~4.6! it is clear that if the initial condition is fac-
torized, namely, if

rT~0!5r1e22o23e~0! ^ r1o22e23o~0!, ~4.7!

the state will remain factorized at all times, unless spec
cally designed conditional measurements@22# are performed
on the system~for example, on the modekW1).

Due to the decoupling between the 1e22o23e and the
1o22e23o modes, we can simply restrict ourselves to t
investigation of the three-mode problem described by
master equation~4.3! with Eq. ~4.4!, and we shall drop the
subscripte ando when not needed.

The Wigner function @23# W(x1 ,y1 ,x2 ,y2 ,x3 ,y3)
5W(a1 ,a2 ,a3), with a i5xi1 iy i ( i 51,2,3), resulting
from this density matrixr will then be a function of six rea
,
ity

-
t,

-

-

e

variables~or three complex variables!. Its time evolution,
upon evaluating the commutator and the damping terms
after some lengthy algebra, is described by the s
dimensional Fokker-Planck equation@24#

]

]t
W~zW,t !5g i j

]

]zi
@zjW~zW,t !#1Di j

]

]zi ]zj
W~zW,t !,

~4.8!

where the vectorzW5(x1 ,y1 ,x2 ,y2 ,x3 ,y3), the matrix D
5diag(0,0,k2/4,k2/4,k3/4,k3/4), and

g5S 0 0 2x1 0 0 0

0 0 0 x1 0 0

2x1 0 k2 0 2x2 0

0 x1 0 k2 0 x2

0 0 2x2 0 k3 0

0 0 0 x2 0 k3

D . ~4.9!

The solution to Eq.~4.8! can be written@25# as the inte-
gral

W~zW,t !5E d4z8 W~zW8,0!T~zW,zW8,t !, ~4.10!

where

T~zW,zW8,t !5
1

~2p!3

1

ADets~ t !

3expF2
1

2
^zW2G~ t !zW8us21~ t !uzW2G~ t !zW8&G ,

~4.11a!

G~ t !5exp~2gt !, ~4.11b!

and

s~ t !52E
0

t

dt G~t!DGt~t!, ~4.11c!

Gt being the transposition of the matrixG.

V. STABILITY

The stability properties of the system are intimately co
nected to the threshold of the overall OPO consisting of N
and NL2. Below threshold, the system is stable and reach
stationary state, since all eigenvalues ofg have positive real
parts. On the other hand, above threshold, the system is
stable and its energy exponentially increases, because s
eigenvalues ofg have negative real parts.

This result can be easily checked in the case in which
parametric oscillator associated with NL2 is decoupled fr
NL1 (x150); in this case modeskW2 and kW3 decouple from
modekW1, and we end up with a four-dimensional problem f
the modeskW2 andkW3, described by a Fokker-Planck equatio
of the same type as Eq.~4.8!, but with
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g5S k2 0 2x2 0

0 k2 0 x2

2x2 0 k3 0

0 x2 0 k3

D , ~5.1!

and D5diag(k2/4,k2/4,k3/4,k3/4). In this case the~doubly
degenerate! eigenvalues ofg are

l65
k21k3

2
6AS k22k3

2 D 2

1x2
2, ~5.2!

and the stability condition becomes

x2
2<k2k3 , ~5.3!

which coincides with the customary threshold for the pa
metric oscillator@21#. However, if we turn on the first para
metric amplifier (x1Þ0), then the problem turns from four
dimensional to six-dimensional, as we have seen;
eigenvalues ofg change and it is, in principle, possible
change the threshold, i.e., the stability condition. As soon
x1Þ0, namely the first parametric amplifier is present,
system becomes unstable, independently on the value
x2 , k2, andk3. In fact, the eigenvalue equation forg is

@l32~k21k3!l21~k2k32x1
22x2

2!l1k3x1
2#250.

~5.4!

As a consequence, we have three doubly degenerate e
values (l1 , l2, and l3). Since l1l2l352k3x1

2, at least
one of thel i has a negative real part.

VI. CHOICE OF THE INITIAL CONDITION

We assume that at the beginning the first crystal
switched off~the pump strengthe150). On the other hand
the second pump is on (e2Þ0) and the second parametr
oscillator is in its equilibrium state below threshold. W
therefore have a factorized initial state

rT~0!5r1e22o23e~0! ^ r1o22e23o~0!, ~6.1!

where

r1e22o23e~0!5r1o22e23o~0!5r12223~0!

5u0&11^0u ^ r223~0!, ~6.2!

andr223(0) is the equilibrium state of the oscillator belo
threshold. This can be easily determined upon conside
the limits

lim
t˜`

G~ t !50, lim
t˜`

s~ t !5s~`!, ~6.3!

and results in the following expression:

W~zW,t5`!5E d4z8 W~zW8,0!T~zW,zW8,`!

5
1

~2p!2

1

Adets~`!
expF2

1

2
zWs21~`!zW G .

~6.4!
-

e

s
e
of

en-

s

g

The equilibrium state is thus a Gaussian state in which
modeskW2 andkW3 are correlated.

The initial stater223(0) is then given by the density ma
trix corresponding to the Wigner function

Wbt
223~0!5S 2

p D 2S 12
x2

2

k2 D expH 22S x2
21y2

21x3
21y3

2

22
x2

k
x2x312

x2

k
y2y3D J , ~6.5!

where it is straightforward to realize that the modes 2 an
are correlated. Moreover, it is not a pure state because

Tr~r2!5pE dx2 dy2 dx3 dy3@Wbt
223~0!#25S 12

x2
2

k2 D ,1

~6.6!

as expected.
The reduced density matrices of each mode are iden

and coincide with the thermal state

Wbt
red~0!5

2

p S 12
x2

2

k2 D expH 22uau2S 12
x2

2

k2 D J , ~6.7!

with an initial mean number of photons given by

N̄5
x2

2

2~k22x2
2!

, ~6.8!

which means that when the oscillator is initially sufficient
close to threshold, the initial mean number of photons
modes 2 and 3 within the cavities can be large.

VII. GENERATION
OF THE SCHRÖDINGER-CAT-TYPE STATE

At time t50 the first pump is turned on (e1Þ0). Also the
first crystal begins to operate and the two groups of th
modes start their joint evolution, according to

rT~ t !5eL1e22o23etr1e22o23e~0! ^ eL1o22e23otr1o22e23o~0!,
~7.1!

where the two factorized evolutions are identical beca
both the operatorL and the initial condition are identical in
the two cases. As a consequence, we end up with two id
tical six-dimensional problems.

The solution of Eq.~7.1! can be found as in Sec. IV by
using the Wigner functions

W123~zW,t !5E d6z8 W123~zW8,0!T~zW,zW8,t !, ~7.2!

where the initial Wigner functionW123(zW,0), corresponding
to the initial density matrix@Eq. ~6.2!#, is given by
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W123~zW,0!5S 2

p D 3S 12
x2

2

k2 D e22(x1
2
1y1

2)

3expH 22Fx2
21y2

21x3
21y3

2

22
x2

k
~x3x21y3y2!G J ~7.3a!

5S 2

p D 3

AdetC exp$22^zWuCuzW&%, ~7.3b!

with

C51
1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 2
x2

k
0

0 0 0 1 0
x2

k

0 0 2
x2

k
0 1 0

0 0 0
x2

k
0 1

2 ~7.4!

and

detC5S 12
x2

2

k2 D 2

. ~7.5!

From Eq.~7.2! one can immediately recognize that, since t
initial state W123(zW,0) is Gaussian and the propagat
T(zW,zW8,t) is also Gaussian, the Wigner functionW123(zW,t) of
the evolved state must remain Gaussian at all times.

Upon integrating overd4z8, Eq. ~7.2! can be rewritten as

W~zW,t !5
AdetB~ t !

p3
exp$2^zWuB~ t !uzW&%, ~7.6!

where

B~ t !5F2s~ t !1
G~ t !C21Gt~ t !

2 G21

, ~7.7!

andG(t) ands(t) are the six-dimensional matrices defin
in Eqs.~4.9!, ~4.11b!, and~4.11c!.

This Gaussian evolution holds for a short time only. As
matter of fact, one should distinguish between the mo
along direction 1 and those along directions 2 and 3;â2

† and

â3
† denote the creation of a photon in thestationary-wave

modes within the cavities, whereasâ1
† denotes the creation o

a photon in thetraveling-wavemode along directionkW1.
Therefore, the interactionHNL15 i\x1(a1

†a2
†2a1a2) exists

only for the time period during which this traveling wav
mode 1 moveswithin the nonlinear crystal. In order to pre
pare the desired state for modes 2 and 3, simultaneo
e

e

ly

taking full advantage of the degree of freedom represen
by the traveling-wave mode 1, we perform aconditional@22#
measurement on direction 1, thereby conditioning the stat
the four modes along directions 2 and 3 upon the detectio
a photon along direction 1, polarized atp/4 with respect to
the two output polarizationse ando, which are orthogonal to
each other. In this way we also post-select~along direction 2!
the input state of the second crystal. The projection oper
associated with such a conditional measurement is there
given by

P̂p/45
1

2
$u1&1ou0&1e1u0&1ou1&1e%

3$1o^1u1e^0u11o^0u1e^1u%. ~7.8!

As a consequence of this measurement~whose success prob
ability amounts to 0.5! the state along direction 1 and dire
tions 2 and 3 factorizes. The state along direction 1 is giv
by

uc&15
1

A2
$u1&1ou0&1e1u0&1ou1&1e%, ~7.9!

which represents a photon polarized atp/4, while the condi-
tional state for directions 2 and 3 is represented by the d
sity matrix

r2o23e22e23o
c ~ t !}$1o^1u1e^0u11o^0u1e^1u%r1o22e23o~ t !

^ r1e22o23e~ t !$u1&1ou0&1e1u0&1ou1&1e%,

~7.10!

which can be rewritten as

r2o23e22e23o
c ~ t !}@r2e23o

(1) r2o23e
(0) 1r2e23o

(0) r2o23e
(1)

1r2e23o
(int) r2o23e

(int)† 1r2e23o
(int)† r2o23e

(int) #,

~7.11!

where

r223
(1) 51^1ur12223~ t !u1&1 , ~7.12a!

r223
(0) 51^0ur12223~ t !u0&1 , ~7.12b!

r223
(int) 51^1ur12223~ t !u0&1 . ~7.12c!

The state of Eq.~7.11! is of the same form of the desire
state@Eq. ~2.5!# and is a linear superposition of distinguis
able states, as long asr223

(1) is well distinguished fromr223
(0) .

It should also be emphasized at this stage that the den
matrix ~7.11! directly corresponds to the Wigner function
Eq. ~2! of Ref. @12#, obtained in the OPA case. The similari
between the OPO and OPA configurations is better brou
about in the limit of small interaction times~see the Appen-
dix, where it is also shown that—in this limit—many of ou
results are very similar to those obtained in the OPA c
@12#!. Roughly speaking, one should recover the OPA res
from the OPO ones in the limitk˜`, since this condition
means the absence of cavity mirrors. However, this co
spondence does not hold exactly because the initial stat
the OPO case~the state present in the cavity att50, when



th
o

th
th
r

-

f
an
ve
ex

th
n

th

h

e
r-

d

r

d

o
ally

l

et
e

en-
the
be-
via
is-

to-

to
the

-

eam
e
de-
er
e

to
t
sh
ated

ct
t
not

s to
at-

PRA 60 1641GENERATING ENTANGLED SUPERPOSITIONS OF . . .
the first nonlinear crystal is switched on! is slightly different.
This fact explains the differences between the OPA and
OPO, which result in a far larger effective number of ph
tons in the latter case.

VIII. DETECTION
OF THE SCHRÖDINGER-CAT-TYPE STATE

How can we probe the quantum state produced in
parametric-oscillator entangled configuration, and prove
it actually represents a Schro¨dinger-cat-type state? In orde
to do this, one has to independently show that~i! the state is
indeed made out of twomacroscopically distinct compo
nents, ~ii ! these two components exhibitquantum interfer-
ence, so that the state can be considered a truelinear super-
position rather than astatistical mixture, and ~iii ! the
‘‘separation’’ between the two components scales with
macroscopicor mesoscopicparameter, usually the number o
photons. To achieve this goal, we propose three different
independent methods, which can be used either alternati
or simultaneously, as we shall explain in detail in the n
three subsections.

A. Photodetection

Let us employ photon-number measurements for
modes along direction 2, thereby collecting the photo
number distributionsP(n2o) andP(n2e). We therefore con-
sider the reduced density matrix obtained by performing
trace on the state of Eq.~7.11!, that is,

r2e5Tr2o23e23o$r2e23o22o23e~ t !%

5
1

2
$Tr3o@r2e23o

(1) #Tr23@r223
(0) #

1Tr3o@r2e23o
(0) #Tr23@r223

(1) #%FPS p

4 D G21

, ~8.1!

whereP(p/4) is the probability of finding one photon wit
polarization atp/4, that is,

PS p

4 D5Tr1o21e22e23o22o23e@ P̂p/4r1o22e23o~ t !

^ r1e22o23e~ t !#5Tr223@r223
(1) #Tr223@r223

(0) #

~8.2!

represents the probability of the conditional measurem
generating the desired Schro¨dinger-cat-type state. The inte
ference terms in Eq.~7.11! obviously give no contribution to
Eq. ~8.1!, since

Tr223@r223
(int) #5Tr223@1^1ur12223~ t !u0&1#50. ~8.3!

Combining Eqs.~8.1! and~8.2!, one obtains, for the reduce
state,

r2e5
1

2 FTr3or2e23o
(1)

Tr223r223
(1)

1
Tr3or2e23o

(0)

Tr223r223
(0) G , ~8.4!
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with an identical form for the reduced stater2o . The reduced
density matricesr3e andr3o can be determined in a simila
way.

From Eq.~8.4! it is immediately apparent that the reduce
state of the mode 2e is given by the sum of two density
matrices, conditioned upon the detection ofonephoton and
of zero photons in the mode 1o ~or, more precisely,one
photon in the mode 1e), respectively. Therefore, the tw
terms of the reduced density matrix can be experiment
obtained by rotating the polarizer in front of the detectorD1

located along the directionkW1. When the polarizer is vertica
~mode 1e), we have zero photons in the mode 1o, and only
the second term of the sum on the right-hand side~rhs! of
Eq. ~8.4! is realized. On the contrary, if the polarizer is s
horizontally~mode 1o), one detects one photon in the mod
1o, projecting the resulting density matrix for the mode 2e
onto the second term in the sum~8.4!. However, both terms
are present when the polarizer is set at 45°. An experim
talist could then take advantage of this property to test
presence of the two component states; the distinction
tween the two states in the superposition can be made
photon-number measurements, yielding the probability d
tribution P(n2e). In fact, one has

P~n2e!5
1

2
@PH~n2e!1PV~n2e!#, ~8.5!

wherePH(n2e) @PV(n2e)# is the probability distribution ob-
tained when the polarizer is set horizontally~vertically!. The
results an experimentalist would obtain with a simple pho
detection in these two situations are shown in Figs. 2~a! and
2~b!, together with the probability distribution~8.5! one
would obtain when the polarizer is set at 45°@Fig. 2~c!#. The
plots of Fig. 2 show that simple photodetection allows one
distinguish between the two macroscopic components in
state~8.4! and have been obtained by assuming an ideal~i.e.,
efficiency equal to one! photodetector. A realistic photode
tector, however, has a finite efficiencyh,1 and can be mod-
eled @25# as an ideal detector preceded by a lossless b
splitter ~BS! with transmittivity h. As a consequence, th
photon-number distribution actually measured with a real
tector is given by a convolution of the ideal photon-numb
distribution with a binomial distribution depending on th
efficiencyh of the detector,

Ph~k!5 (
n5k

` S n

kDhk~12h!n2kP~n!. ~8.6!

In Fig. 3 we plot the photon distributions corresponding
Fig. 2 for a detector efficiencyh50.7. These plots show tha
even with an inefficient detector it is possible to distingui
between the macroscopic components of the gener
Schrödinger-cat-type state.

In this way we have verified the existence of two distin
components in the state~8.4!. But how can we be sure tha
these two components form a quantum superposition and
just a classical mixture? To answer this question, one ha
perform a measurement to be able to distinguish the ‘‘c
type state,’’
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r2o23e22e23o
cat ~ t !5@2Tr223 r223

(1) Tr223 r223
(0) #21

^ @r2e23o
(1) r2o23e

(0) 1r2e23o
(0) r2o23e

(1)

1r2e23o
(int) r2o23e

(int)† 1r2e23o
(int)† r2o23e

(int) #,

~8.7!

from the corresponding statistical mixture

r2o23e22e23o
mix ~ t !5@2Tr223 r223

(1) Tr223 r223
(0) #21

3@r2e23o
(1) r2o23e

(0) 1r2e23o
(0) r2o23e

(1) #,

~8.8!

which does not exhibit any interference.
In order to reach this goal, we perform an interferen

experiment, involving the modes along directionkW2 only,
using a detection system similar to the one proposed in R
@12#, as schematically described in Fig. 1. The measu
quantity is given by the photocounts at the detectorDc , as a
function of the variable phasef. The annihilation operatorc
corresponding to the mode traveling to the detectorDc ~from
now on, for the sake of notation, we shall drop the ‘‘ha
symbol for operators! can be written in terms of the annih
lation operators of the modes 2e and 2o as

FIG. 2. Photon-number probability distributions for a photod
tection experiment on mode 2e. PH(n2e), PV(n2e), and P(n2e)
@see Eq.~8.5!# are plotted, respectively, in~a!, ~b!, and ~c!, for an

initial mean photon numberN̄52.38. The squares correspond to t
exact calculation, whereas crosses refer to the small-time app
mation @see Eqs.~A10! and ~A12!#.
e

f.
d

c5
1

A2
~a2o1eifa2e!, ~8.9!

so that the operator number of photons for the modec will be
given by

c†c5
1

2
~a2o

† a2o1a2e
† a2e1eifa2o

† a2e1e2 ifa2e
† a2o!.

~8.10!

To be more precise, one should consider that the output fi
is not equivalent to the input field@26#. The change in the
output field with respect to the input essentially amounts
replacing our field operatorsc andc† in Eqs.~8.9! and~8.10!
by

b5Ak2c1bin , ~8.11!

wherebin specifies the field that is input to the cavity boun
ary andk2 is the mirror loss. However, this modification ha
no practical consequences as far as normally ordered op
tors are concerned, for a vacuum input, as is generally
case@27#. All quantities we shall consider at the present a
in the next subsection~photon-number distributions and co
relation functions! are indeed represented by normally o
dered operators. The only practical modification is then
irrelevantAk2 factor, which amounts to a rescaling param
eter related to the photon flux. Therefore, in the following w
shall make use of the internal cavity operatorc instead of the
output fieldb. A similar argument holds also in the case

-

xi-

FIG. 3. Photon-number probability distributions for a photod
tection experiment on mode 2e, which are the same as in Fig. 2 bu
for a detector efficiencyh50.7.
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homodyne detection, where again only normally orde
quantities are considered. This is particularly evident in
case of the correlation functions~Sec. VIII B! where this
factor has no consequences in the comparison between
~8.36a! and~8.36b!. Of course, a large attenuation factor m
lead to difficulties in distinguishing the two separated co
ponents in Fig. 3, since a low average number of phot
would wash out their distinguishability.

In order to be able to distinguish between the superp
tion state and the mixture, the expectation value

^c†c&cat5Tr@c†cr2o23e22e23o
cat ~ t !# ~8.12!

has to be different from

^c†c&mix5Tr@c†cr2o23e22e23o
mix ~ t !#. ~8.13!

It is then clear that this interference experiment can ans
our question whenever the contributions of the off-diago
terms Tr@c†cr2e23o

(int) r2o23e
(int) † # and its complex conjugate

Tr@c†cr2e23o
(int) † r2o23e

(int) # are nonzero.
Let us start by evaluating the contribution of the diago

terms, namely, Eq.~8.13!. After explicit integration of the
corresponding Wigner function, it is easy to prove that
phase-dependent terms@the third and the fourth term in Eq
~8.10!# vanish when one computes the expectation value,
~8.13!. Therefore, the diagonal terms yield a pha
(f)-independent contribution given by

^c†c&mix5
1

2
~^a2o

† a2o&mix1^a2e
† a2e&mix!

5
1

4
@^n2o&

(1)1^n2o&
(0)#

1
1

4
@^n2e&

(1)1^n2e&
(0)# ~8.14a!

5
1

2
@^n2&

(1)1^n2&
(0)#, ~8.14b!

where

^n2&
( i )5

Tr223@r223
( i ) a2

†a2#

Tr223@r223
( i ) #

~8.15!

( i 50,1! is the mean photon number in one of the two dia
onal states in Eqs.~8.7! and ~8.8!. In the small interaction-
time limit, which is very well justified in the present cas
~see the Appendix!, 1@kt, x1t, x2t, we have@28#

r223
(0) .r223~0!, ~8.16a!

r223
(1) }a2

†r223~0!a2 . ~8.16b!

As a consequence, the two expectation values on the rh
Eq. ~8.14b! can be explicitly evaluated and are given by

^n2&
(0)5N̄5F2S k2

x2
2

21D G21

, ~8.17a!

^n2&
(1)52N̄11, ~8.17b!
d
e
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whereN̄ is the initial mean photon number in the cavity.
conclusion, the diagonal contribution to the expectat
value in Eq.~8.12! amounts to

^c†c&mix.
113N̄

2
, ~8.18!

which is indeedf independent as expected.
We turn now our attention to the off-diagonal terms in E

~8.7!, which are absent in Eq.~8.8!. First we note that the
expectation values of the number operators relative to
two polarizations in mode 2 computed on the off-diagon
terms vanish, i.e.,

^a2o
† a2o&o2d5^a2e

† a2o&o2d50. ~8.19!

On the other hand, the third and fourth terms on the rhs
Eq. ~8.10! give, to the expectation value on the off-diagon
terms, the contributions

eif^a2o
† a2e&o2d5$2Tr223@r223

(1) #Tr223@r223
(0) #%21

3~^a2e&
(int)^a2o

† & (int)†

1^a2e&
(int)†^a2o

† & (int)!, ~8.20a!

e2 if^a2e
† a2o&o2d5~eif^a2o

† a2e&o2d!* , ~8.20b!

where

^a2&
(int)5Tr223@r223

(int) a2#. ~8.21!

These contributions are generally different from zero, a
this observation is sufficient to reach the conclusion that
proposed interference experiment is able to distinguish
cat-type state from the corresponding mixture.

We are able to evaluate these off-diagonal terms in
small interaction-time limit developed in the Appendix. A
the lowest order inx1t, x2t, andkt, we have

r223
(int) .a2

†r223~0! ~8.22!

and, therefore, using Eq.~8.21!,

^a2e&
(int)5x1t~N̄11!, ~8.23a!

^a2e&
(int)†5x1t^a2e

2 &50, ~8.23b!

^a2o
† & (int)5x1t^a2o

†2&50, ~8.23c!

^a2o
† & (int)†5x1t~N̄11!. ~8.23d!

On the other hand,

r223
(1) .x1

2t2a2
†r223~0!a2 , ~8.24a!

r223
(0) .r223~0!, ~8.24b!

which yield, respectively,

Tr223 r223
(1) 5x1

2t2~N̄11!, ~8.25a!

Tr223r223
(0) .1, ~8.25b!
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and, finally,

eif^a2o
† a2e&o2d5

N̄11

2
eif. ~8.26!

In conclusion, considering the off-diagonal contribution, E
~8.12! can be rewritten as

^c†c&cat5^c†c&mix1
N̄11

2
cosf. ~8.27!

It is then clear that the photocounts at the detectorDc exhibit
interference fringes as a function of the variable phasef, if
and only if the state~8.4! is a true linear superposition an
not just a statistical mixture of the two macroscopic comp
nents. The visibility of such interference fringes is given

V5
11N̄

113N̄
, ~8.28!

and has therefore the lower bound 1/3 forN̄˜`.

B. Correlation functions

Our aim in this subsection is to compute the first- a
second-order correlation functions relative to our out
modes, in order to make an independent test of the pres
of quantum coherence in our system. We keep in mind@29#
that a manifestation of quantum coherence at second ord
sub-Poissonian statistics, i.e.,

G(2)~0!,@G(1)~0!#2, ~8.29!

whereG(1)(0) andG(2)(0) are, respectively, the first- an
second-order correlation functions.

Let us consider the same experimental apparatus we
proposed for the detection of interference~see Fig. 1!. We
now take into account both output portsc and d of the po-
larizing beam splitter~PBS!, with annihilation operators
given by, respectively, Eq.~8.9! and

d5
1

A2
~a2o2eifa2e!, ~8.30!

and evaluate the correlation functions^c†cc†c&, ^d†dd†d&,
and ^c†cd†d&, wherec†c is given by Eq.~8.10! and

d†d5
1

2
~a2o

† a2o1a2e
† a2e2eifa2o

† a2e2e2 ifa2e
† a2o!.

~8.31!

We shall evaluate the functions (c†c)2, (d†d)2, and
(c†cd†d) in the small-time approximation limit~see the Ap-
pendix!, in which

r2e23o22o23e~ t !}~a2e
† 1a2o

† !r2e23o~0!r2o23e~0!

3~a2e1a2o!, ~8.32!

where r2o23e(0) is the Gaussian state described by
Wigner functionWbt

223(0) of Eq.~6.5!, for which the Wigner
function corresponding to the reduced density matrix
.

-

t
ce

is

ve

e

f

mode 2 alone, is given by Eq.~6.7!, which represents a ther
mal state with a mean number of photons given byN̄ of Eq.
~8.17a!.

Upon evaluating all the required expectation values,
obtain

^~c†c!2&5
16N̄2114N̄1212 cosf~4N̄215N̄11!

4
,

~8.33a!

^~d†d!2&5
16N̄2114N̄1222 cosf~4N̄215N̄11!

4
,

~8.33b!

^c†cd†d&5N̄~2N̄11!. ~8.33c!

From Eqs.~8.33! it is clear that the visibility of the fringes in
^(c†c)2& and ^(d†d)2& is given by

V5
4N̄215N̄11

8N̄217N̄11
, ~8.34!

and monotonically decreases fromV51 ~for N̄50) to V

51/2 ~for N̄˜`).
Finally, considering the field at the output portc, the first-

and second-order correlation functions for mode 2 can
written as

G2
(1)~0!5^c†c&5

113N̄1~11N̄!cosf

2
, ~8.35a!

G2
(2)~0!5^c†c†cc&5^~c†c!2&2^c†c&

52N̄@112N̄1~N̄11!cosf#, ~8.35b!

respectively. It should be noted that these results map
the corresponding ones obtained in Ref.@12# for the OPA
case upon a redefinition of the phase angles. By compa
@G(1)(0)#2 and G(2)(0) it is possible to see thatG(2)(0)
,@G(1)(0)#2 only at low mean photon number, as it cou
have been easily expected. The best situation is obta
whenf50, in which case

@G(1)~0!#25~112N̄!2, ~8.36a!

G(2)~0!52N̄~3N̄12!, ~8.36b!

and the condition for quantum coherence at second orde
reached whenN̄,1/A2. On the other hand, whenf5p,

@G(1)(0)#25N̄2, G(2)(0)52N̄2, and thereforeG(2)(0) is al-
ways larger than@G(1)(0)#2.

C. Wigner function

The aim of the present section is to provide a means
represent the essential features of the Schro¨dinger-cat-type
state, Eq.~7.11!, which ‘‘lives’’ in an eight-dimensional
phase space, in the more customary two-dimensional ph
space, in order to make a comparison with the more conv
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tional cat-type states@2,4#. Let us start from Eq.~7.11!,
which we rewrite here for convenience:

r2o23e22e23o
c ~ t !}@r2e23o

(1) r2o23e
(0) 1r2e23o

(0) r2o23e
(1)

1r2e23o
(int) r2o23e

(int)† 1r2e23o
(int)† r2o23e

(int) #.

~8.37!

The Wigner function representation of the density mat
~8.37! would, of course, reflect its characteristic Schro¨dinger-
cat-type properties. However, in order to better underst
the nature of this state, it would be interesting and desira
to see whether it is possible to find different optical modes
whose terms the state~and therefore the Wigner function!
may be rewritten in a simpler form. Our key idea is then
look for linear combinations of mode operators~which can
easily be realized with linear elements: polarizers and be
splitters!, such as to factorize the state~8.37! in smaller sub-
spaces.

We first perform a transformation which changes the ho
zontally and vertically polarized modes into th
45°-polarized ones, namely,

a145,25
a2e1a2o

A2
, a245,25

a2e2a2o

A2
, ~8.38a!

a145,35
a3e1a3o

A2
, a245,35

a3e2a3o

A2
, ~8.38b!

and the corresponding expressions for modekW1 and for the
creation operators. In terms of these new operators,HNL1 and
HNL2 @Eqs.~4.1a! and ~4.1b!# can be rewritten as

HNL15 i\x1~a145,2
† a145,1

† 2a145,2a145,1!

2 i\x1~a245,2
† a245,1

† 2a245,1a245,2!, ~8.39a!

HNL25 i\x2~a145,2
† a145,3

† 2a145,2a145,3!

2 i\x2~a245,2
† a245,3

† 2a245,2a245,3!.

~8.39b!

We have already assumed~Sec. IV! that the cavity decay
rates k i do not depend on the polarization. This in tu
means thatk145,25k245,25k2 andk145,35k245,35k3 and,
therefore, for the645°-polarized modes, we have the sam
evolution equation as that for the original modes~except for
a minus sign!. Consequently, it is possible to repeat all t
same arguments as before~Secs. IV and VII!. In particular,
the modesa145,1, a145,2, and a145,3 are decoupled from
their orthogonal counterpartsa245,1, a245,2, anda245,3, and
the evolution equation may be rewritten as

rT~ t !5eL145teL245tr145,1;145,2;145,3;245,1;245,2;245,3~0!.
~8.40!

In Eq. ~8.40! the initial condition is given in the same way b

r145,1;145,2;145,3~0!5u0&145,1̂ 0u ^ r145,2;145,3
bt ~0!,

~8.41!
d
le
n

m

i-

wherer145,2;145,3
bt (0) is the equilibrium state below thresh

old of the parametric oscillator when NL1 is turned off, an
the same initial condition holds for the245°-polarized
modes. As a consequence, the same Gaussian evolutio
have found in Sec. IV holds. The only difference is that no
the conditional measurement is simply a projection onto
stateu1&145,1, i.e., the one-photon state for thea145,1 mode,
while the245°-polarized modes remain decoupled from t
orthogonal ones.

The cat-type state after the conditional detection of
n51 photon for the145,1 mode is then written in the fol
lowing way:

rc}245,1̂ 0u145,1̂ 1ur145,1;145,2;145,3~ t !

3r245,1;245,2;245,3u1&145,1u0&245,1

5r145,2;145,3
(1)

^ r245,2;245,3
(0) , ~8.42!

where r223
(0) and r223

(1) are again given by the expression
~7.12a! and~7.12b!. It should be noted that, using these ne
645°-polarized modes, one gets a complete factorization
the 245°-polarized modes, which arenot affected by the
quantum injectionprocess induced by the conditional me
surement. The245°-polarized modes are not ‘‘interesting,
in the sense that all the cat-type properties of the state~8.42!
are contained inr145,2;145,3

(1) and, therefore, we shall neglec
them from now on. We are then left with the sta
r145,2;145,3

(1) , which is anentangledstate of the modes145,2
and145,3.

As the second step of our procedure aimed at the fur
simplification of the original eight-dimensional Wigner fun
tion, we consider the transformation

d15
a145,21a145,3

A2
, d25

a145,22a145,3

A2
, ~8.43!

which is suggested by the interaction term in Eq.~8.39b!. In
terms ofd1 andd2 , Eq. ~8.39b! becomes

HNL25 i\
x2

2
~d1

†22d1
2 !2 i\

x2

2
~d2

†22d2
2 !, ~8.44!

and the two modesd1 andd2 are squeezed by the nonline
crystal. These modes can be experimentally realized out
the cavity, for example, with two PBS’s and a 50–50 % B
as schematically described in Fig. 4. The state of these
modes can be represented by the Wigner function

W1S xd1
1xd2

A2
,
yd1

1yd2

A2
,
xd1

2xd2

A2
,
yd1

2yd2

A2
D ,

~8.45!

where@see Eqs.~7.6! and ~7.7!#

W1~x2 ,y2 ,x3 ,y3!}E dx1 dy1 Wn51~x1 ,y1!

3
AdetB

p2
e2^zWuBuzW&. ~8.46!
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What is the nature of this state? In order to answer
question, we are naturally guided by two different a
proaches:~i! the study of the OPA case@12# and~ii ! the use
of the small-time limitx1t,x2t,kt!1 we have already con
sidered in Sec. VIII A and worked out in the Appendix.
the OPA case@12# the output state at timet is given by

uc~ t !&5
1

A2
ex2t(a2e

† a3o
†

2a2ea3o)1x2t(a2o
† a3e

†
2a2oa3e)

3~a2e
† 1a2o

† !u0&, ~8.47!

which can be rewritten in terms of the645°-polarized
modes as

uc~ t !&5e2x2t(a245,2
† a245,3

†
2a245,2a245,3)u0&

^ ex2t(a145,2
† a145,3

†
2a145,2a145,3)a145,2

† u0&

5c245,2;245,3
(0) c145,2;145,3

(1) . ~8.48!

Neglecting the factorized statec245,2;245,3
(0) , and using thed6

modes, we have

c145,2;145,3
(1) 5ex2t/2(d1

†2
2d1

2 )e2 x2t/2(d2
†2

2d2
2 )S d1

† 1d2
†

A2
D u0&

~8.49a!

5
1

A2 S Ux2t

2
,1L

d1

U2 x2t

2
,0L

d2

1Ux2t

2
,0L

d1

U2 x2t

2
,1L

d2

D , ~8.49b!

which is an entangled superposition of thesqueezedone-
photon and vacuum states of the modesd1 and d2 . It is
quite clear now that if we want to ‘‘isolate’’ one mode, sa

FIG. 4. Scheme of the experimental arrangement needed fo
measurement of the Wigner function~see text!. k2 andk3 represent
the cavity modes of Fig. 1.
is
-

thed1 mode, we need a secondconditional measurementon
the moded2 , e.g., a projection onto the state

uw&d2
5au0&d2

1bu1&d2
. ~8.50!

The conditional state, provided the measurement has giv
successful result, would then read as

ucc&d1
}a* Ux2t

2
,1L

d1

1
b*

coshx2t Ux2t

2
,0L

d1

. ~8.51!

We can reach a similar conclusion also by analyzing
OPO case using the very well justified small-time appro
mation ~see the Appendix! in the limit x1t,x2t,kt!1, ap-
plied to the modes145,1, 145,2, and145,3. We have, at
the lowest order inx1t,

r145,2;145,3
(1) 5145,1̂ 1ur12223u1&145,1 ~8.52a!

}a145,2
† r223~0!a145,2,

~8.52b!

where the initial density matrixr223(0) is the state de-
scribed by the Wigner function~6.5!. If we now write Eq.
~6.5! in terms of the new variables corresponding to t
modesd1 andd2 , namely,

xd1
5

x21x3

A2
, xd2

5
x22x3

A2
, ~8.53a!

yd1
5

y21y3

A2
, xd2

5
y22y3

A2
, ~8.53b!

we obtain

Wbt
d1d25Wbt

d1Wbt
d25

2

p
A12

x2
2

k2
expF22S 12

x2

k D xd1

2

22S 11
x2

k D yd1

2 G 2

p
A12

x2
2

k2

3expF22S 11
x2

k D xd2

2 22S 11
x2

k D yd2

2 G .
~8.54!

The initial states for the modesd6 are generalized Gaussia
states@25# of the kind

r6}expS 2nd6
† d62

1

2
m6* d6

2 2
1

2
m6d6

†2D , ~8.55!

with

n5
1

A12
x2

2

k2

lnS 11A12
x2

2

k2

12A12
x2

2

k2

D ~8.56a!

and
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m656
x2

k
n. ~8.56b!

Since the initial state factorizes, we have

rd1d2

(1) }a145,2
† rd1

~0!rd2
~0!a145,2

}~d1
† 1d2

† !rd1
~0!rd2

~0!~d11d2!

5@d1
† rd1

~0!d1# ^ rd2
~0!

1rd1
~0! ^ @d2

† rd2
~0!d2

† #

~8.57a!

1@d1
† rd1

~0!# ^ @rd2
~0!d2#

1@rd1
~0!d1# ^ @d2

† rd2
~0!#, ~8.57b!

which is a mixed state analogous to the pure state~8.49!
obtained in the OPA case. Its Wigner function can be cal
lated from Eq.~8.57! and is given by

W~xd1
,yd1

,xd2
,yd2

!

5
4

p2

S 12
x2

2

k2D 2

22
x2

2

k2

F ~xd1

2 1yd2

2 !S 22
x2

k D 2

1~yd1

2 1xd2

2 !S 21
x2

k D 2

22

12S 42
x2

2

k2D ~xd1
xd2

1yd1
yd2

!G
3e22(12x2 /k)(xd1

2
1yd2

2 )22(11x2 /k)(xd2

2
1yd1

2 ). ~8.58!

Two important features should be noted within the form
this Wigner function:~i! The interference term~the last term
in the square brackets! decreases when the number of ph
tons in the initial state increases. This behavior is gover
by the factor 42x2

2/k2 and by the fact that@see Eqs.~6.8!

and~8.17!# N̄˜` whenx2 /k˜1. ~ii ! The Wigner function
is negative around the origin and its negativity scales to z
as the initial mean photon numberN̄˜`. In fact,

W~0,0,0,0!52
8

p2

S 12
x2

2

k2D 2

22
x2

2

k2

52
4

p2

1

~2N̄11!~N̄11!
.

~8.59!

We have already seen the same scaling behavior of quan
properties withN̄˜` in the calculation of the second-orde
correlation functionG(2), this is one of the desired propertie
of a Schro¨dinger-cat-type state, as we have emphasized a
beginning of this section.

Again, Eq.~8.58! bears a remarkable similarity with th
corresponding result obtained in Ref.@12# for the OPA con-
-

f

-
d

ro

m

he

figuration, in the limitsk˜` and of small interaction times
The main advantage of the OPO is given by the larger eff
tive number of photons per modeN @see Eq.~6.8!# with
respect to sinh2 xt of the OPA@12#.

We have therefore learned that in order to obtain a o
mode state, which embodies all the relevant features of
original four-mode cat-type state, onehas to perform a con-
ditional measurement on the moded2 . When this is suc-
cessfully done, the final conditioned state of the moded1

alone is described by the Wigner function

W~d1!}pE d2d2 Wau0&1bu1&~d2!W~d1 ,d2!,

~8.60!

where

W~d1 ,d2!

5W1S xd1
1xd2

A2
,
yd1

1yd2

A2
,
xd1

2xd2

A2
,
yd1

2yd2

A2
D

~8.61!

is the Wigner function@see Eqs.~8.45! and ~8.46!# of the
state~8.57! and

Wau0&1bu1&~d2!5
2

p F114ubu2S udu22
1

2D
14 Re~d!Re~ab* !14 Im~d!Im~a* b!G

~8.62!

is the Wigner function of the state onto which the condition
measurement projects the moded2 @Eq. ~8.50!#. According
to the small-time limit approximation~see the Appendix! the
explicit form of the Wigner function~8.60! can be derived
from Eqs. ~8.57!–~8.62! and, after a lengthy calculation
reads

W~xd1
,yd1

!}expF22S 12
x2

k D xd1

2 22S 11
x2

k D yd1

2 G
3H S uau21ubu2

x2
2/k2

42x2
2/k2D

3Fxd1

2 S 22
x2

k D 2

1yd1

2 S 21
x2

k D 2

21G
1ubu212 ReS a* bFxd1

S 22
x2

k D
2 iyd1

S 21
x2

k D G D J , ~8.63!

which is in very good agreement with the numerically co
puted exact one. As desired, the value ofW(xd1

,yd1
) at the

origin may also be negative~depending on the parametersa
and b specifying the conditional measurement!, reflecting
the quantum properties of the original four-dimension
Wigner function~8.58!. Explicitly, one has
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W~xd1
50,yd1

50!52ubu2
22

x2
2

k2

42
x2

2

k2

2uau2. ~8.64!

These results are graphically shown in Figs. 5–8. In Figs
and 6 we have plotted the Wigner function~8.63! for two
values ofN. In both figures two different viewpoints hav
been selected for the tridimensional plots, in order to disp
most clearly the quantum superposition character of our
type state. In particular, one should note that in both ca
the Wigner function is negative around the origin. Howev
a comparison between Figs. 5 and 6 shows that even tho
the two Gaussian peaks are better separated for a larger
ber of photons, the negativity of the Wigner function tends
disappear as soon as the initial number of photons increa
as expected. This behavior is further confirmed by the
spection of the corresponding marginal distributions of
Wigner function ~8.63!, shown in Figs. 7 and 8;P(x)
5P(xd1

) displays a larger separation between the peak

the initial mean photon number̂n&5N increases. On the
other hand,P(y)5P(yd1

) displays the interference betwee
the two macroscopic components, which tends to be was
out when the number of photons increases. In fact, forN
514.94, the interference fringes have already disappear

IX. DISCUSSION AND CONCLUSIONS

In this paper we have considered the generation ofen-
tangledSchrödinger-cat-type states in an optical paramet

FIG. 5. Tridimensional plot of the Wigner function for thed1

mode for an initial mean number of photons^n&5N̄514.94. In~a!
and~b! two different viewpoints have been chosen to display m
clearly the quantum superposition character of the Schro¨dinger-cat-
type state.
5

y
t-

es
,
gh
m-

o
es,
-
e

as

ed

.

oscillator, as a relevant variant of the original proposal@12#,
which instead had considered the amplifier case. In th
works, the central point~both conceptually and experimen
tally! is the quantum injection@12# of the second nonlinea
crystal with the output of the first parametric medium. In t
present paper, we have computed the time evolution for
electromagnetic field and chosen the initial condition nee
for the generation of the desired cat-type state. Such a s
however, lives in an eight-dimensional phase space; th
fore, we have proposed three methods that are able to p
that it is an actual Schro¨dinger-cat-type state: direct photo
detection, measurement of the correlation functions,
study of the Wigner function. Our calculations show that t
state produced in this way has indeed two macroscopic~me-
soscopic! components that are macroscopically~mesoscopi-
cally! distinguishable, and that they are in a coherent sup
position ~and not just in a statistical mixture!, i.e., they
display quantum interference.

A comparison with the performance of the correspond
OPA scheme@12# is in order here. First, the OPO has a larg
conversion efficiency due to the enhancement factor of
parametric interaction, given by the presence of the cavit
This leads to a larger number of photon pairs with the sa
pump power. Second, our Schro¨dinger-cat-type state is con
fined in the cavities, in contrast to what happens in the O
case, where it is a traveling wave. However, the price o
has to pay in order to have these advantages is given by
unavoidable cavity losses that tend to destroy the cohere
of the state when the numberN of initial photons tends to
infinity. Such a phenomenon—decoherence@3–5#—is visu-

e FIG. 6. Tridimensional plot of the Wigner function for thed1

mode for an initial mean number of photons^n&5N̄52.93. In ~a!
and~b! two different viewpoints have been chosen to display m
clearly the quantum superposition character of the Schro¨dinger-cat-
type state.
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alized by the progressive disappearance of the interfere
fringes and of the negativity of the Wigner function whenN
increases. It is then clear that one has to consider a trad
condition between the enhancement factor~a largeN) and
the losses~a low k). This may lead to a comparison betwe
the performances of the OPO and the OPA@12#; in particu-
lar, our OPO configuration is preferable when the me
number of initial photonsN @see Eq.~6.8!# is larger than the
corresponding parameter (sinh2 xt @12#! of the OPA. Finally,
we note that the two components of our Schro¨dinger-cat-type
state would be far more distinguishable if the quantum inj
tion were given by two or more pairs of entangled photo
Entangled states of this kind can be produced, e.g., using
scheme of ‘‘entanglement engineering’’ of Gheriet al. @30#.

In conclusion, we think that an experiment along the lin
outlined in this paper and in@12#, which is realizable using

FIG. 7. Probability distributionsP(x) for the quadrature opera
tor xd1

5(d1
† 1d1)/A2 of the d1 mode, and for three values o

^n&5N̄.
ce

off

n

-
.
he

s

presently available technology, is a promising candidate
producing entangled superpositions of macroscopically
tinct quantum states.
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APPENDIX

The fact that the timet, during which we have the inter
action within the first nonlinear crystal, is very short, is

FIG. 8. Probability distributionsP(y) for the quadrature opera
tor yd1

5 i (d1
† 2d1)/A2 of the d1 mode, and for three values o

^n&5N̄.
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fundamental importance, and it allows an immediate desc
tion of the experiment. To bring this out most clearly, w
develop an approximate treatment, which is, however, ju
fied by the actual experimental values reported in Ref.@12#.

The interaction timet, which is the time of flight of the
photon generated in the down-conversion process within
first nonlinear crystal NL1, is of the order of

t.
Lkn

c
.10211 sec, ~A1!

whereLk is the crystal length,n is its refraction index, andc
is the speed of light in vacuum. On the other hand, for
average pump powerP.300 mW, the coupling strength i
of the order ofx2.63108 Hz. In order to obtain ‘‘macro-
scopic’’ states, one needs a quite large initial mean num
of photons in the parametric oscillator below threshold. T
fixes the damping ratesk25k35k to be slightly larger than
x2, since, from Eq.~6.8!, we have

k2

x2
2

511
1

2N̄
. ~A2!

Therefore, we havek.63108 Hz, too. Since the wave
length of the photon isl.7.331025 cm, this amounts to
having astandard cavity, with a quality factor

Q5
2pc

lk
.105. ~A3!

On the other hand,x1 will be of the order ofx2. In summary,
we have

x2t.x1t.kt.1023. ~A4!

From Eqs.~4.3!–~4.5!, ~6.1!, and ~6.2!, one has, for the
time evolution of the combined density matrix,

r123~ t !5eL123(t)r23~0!u0&1^0u. ~A5!

SinceL123}k, x1 , x2, it is appropriate to expand the expo
nentialeL123t in power series up to second order inkt, x1t,
x2t, yielding

eL123t.11L123t1
1

2
L 123

2 t2 ~A6!

and

L123r5L23r1x1@a1
†a2

†2a1a2 ,r#, ~A7!
.

p-

i-

e

n

er
s

whereL23 is that part of the Liouvillian, which only acts on
the modeskW2 andkW3, as given by Eqs.~4.4! and ~4.5!. It is
possible in this way to determine the conditional statesr23

(0) ,
r23

(1) , and the interference terms in Eqs.~7.11!–~7.12c!. We
first compute

r223
(1) .

a2
†r223~0!a2

Tr„a2
†r223~0!a2…

. ~A8!

The properties of this state are usually characterized by m
suring the photon-number distribution of the mode 2 alo
direction 2. We have therefore to perform the trace over
mode 3 in Eq.~A8!, obtaining

r2
(1) red5Tr~r223

(1) !5
a2

†@Tr3 r223~0!#a2

Tr„a2
†r223~0!a2…

. ~A9!

We already know that Tr3 r223(0) is a thermal state with a
mean number of photons given byN̄ @see Eqs.~6.8!, ~A2!,
and ~8.17a!#, i.e.,

Tr3 r223~0!5 (
n50

` S N̄

11N̄
D n

un&^nuS 1

11N̄
D ~A10!

@see Eq.~6.7!# and, consequently,

r2
(1) red5 (

n50

`

PH~n!un&^nu, ~A11!

PH~n!5nS N̄

11N̄
D n21

1

~11N̄!2
, ~A12!

which is a sort ofshiftedthermal state and is identical to th
state obtained in the case of the parametric amplifier@12#
with a mean number of photons given by Eq.~6.8!. On the
other hand, we have, at the lowest order inx1t,

r223
(0) 5^0ur12223~ t !u0&5S 11L23t1

L 23
2 t2

2 D r223~0!

2
x1

2t2

2
@a2a2

†r223~0!1r223~0!a2a2
†# ~A13a!

.r223~0!, ~A13b!

and the stater2
(0) red5Tr3„r223(0)…, conditioned upon the

detection of no photons, is essentially identical to the init
usual thermal state.
ett.

,

@1# E. Schrödinger, Naturwissenschaften23, 807 ~1935!.
@2# B. Yurke and D. Stoler, Phys. Rev. Lett.57, 13 ~1986!; W.

Schleich, M. Pernigo, and Fam Le Kien, Phys. Rev. A44,
2172 ~1991!.

@3# W. H. Zurek, Phys. Rev. D24, 1516~1981!; 26, 1862~1982!;
Phys. Today44 ~10!, 36 ~1991!, and references therein.

@4# M. Brune, E. Hagley, J. Dreyer, X. Maitre, A. Maali, C
Wunderlich, J. M. Raimond, and S. Haroche, Phys. Rev. L
77, 4887~1996!.

@5# S. Habib, K. Shizume, and W. H. Zurek, Phys. Rev. Lett.80,
4361 ~1998!.

@6# C. Monroe, D. M. Meekhof, B. E. King, and D. J. Wineland
Science272, 1131~1996!.

@7# E. Schrödinger, Proc. Cambridge Philos. Soc.31, 555 ~1935!.



d

A.

ev

n
G

J.

.

,

e,

v.
.

ki,

,

ics

ult
/

PRA 60 1651GENERATING ENTANGLED SUPERPOSITIONS OF . . .
@8# A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev.47, 777
~1935!.

@9# C. Bennett, G. Brassard, C. Cre´peau, R. Josza, A. Peres, an
W. K. Wootters, Phys. Rev. Lett.70, 1895~1993!; D. Bouw-
meester, J.-V. Pan, K. Mattle, M. Eibl, H. Weinfurter, and
Zeilinger, Nature~London! 390, 575 ~1997!; D. Boschi, S.
Branca, F. De Martini, L. Hardy, and S. Popescu, Phys. R
Lett. 80, 1121~1998!.

@10# A. K. Ekert, Phys. Rev. Lett.67, 661 ~1991!; A. K. Ekert
et al., ibid. 69, 2881~1992!.

@11# D. P. DiVincenzo, Science270, 255 ~1995!.
@12# F. De Martini, Phys. Rev. Lett.81, 2842~1998!; Phys. Lett. A

250, 15 ~1998!.
@13# P. G. Kwiat, K. Mattle, H. Weinfurter, A. Zeilinger, A. V.

Sergienko, and Y. H. Shih, Phys. Rev. Lett.75, 4337~1995!.
For the generation of an ultrabright source of polarizatio
entangled photons, see also P. G. Kwiat, E. Waks, A.
White, I. Appelbaum, and P. H. Eberhard, Phys. Rev. A60,
773 ~1999!.

@14# J. S. Bell, Physics~Long Island City, N.Y.! 1, 195 ~1964!.
@15# D. M. Greenberger, M. A. Horne, and A. Zeilinger, Am.

Phys.58, 1131 ~1990!; N. D. Mermin, Phys. Rev. Lett.65,
1838 ~1990!; D. Bouwmeester, J. W. Pan, M. Daniell, H
Weinfurter, and A. Zeilinger,ibid. 82, 1345~1999!.

@16# M. H. Rubin, D. N. Klyshko, Y. H. Shih, and A. V. Sergienko
Phys. Rev. A50, 5122~1994!.

@17# L. Davidovich, M. Brune, J. M. Raimond, and S. Haroch
Phys. Rev. A53, 1295~1996!.

@18# X. Y. Zou, L. J. Wang, and L. Mandel, Phys. Rev. Lett.67,
318 ~1991!; L. J. Wang, X. Y. Zou, and L. Mandel, Phys. Re
A 44, 4614~1991!; T. P. Grayson, X. Y. Zou, D. Branning, J
.

-
.

R. Torgerson, and L. Mandel,ibid. 48, 4793~1993!.
@19# G. A. Barbosa, Phys. Rev. A50, 3379~1994!.
@20# A. O. Caldeira and A. J. Leggett, Phys. Rev. A31, 1059

~1985!; D. F. Walls and G. J. Milburn,ibid. 31, 2403~1985!.
@21# M. O. Scully and M. S. Zubairy,Quantum Optics~Cambridge

University Press, Cambridge, 1997!.
@22# B. Sherman and G. Kurizki, Phys. Rev. A45, R7674~1992!;

B. Sherman, H. Moya-Cessa, P. L. Knight, and G. Kuriz
ibid. 49, 535~1994!; K. Vogel, V. M. Akulin, and W. P. Schle-
ich, Phys. Rev. Lett.71, 1816~1993!.

@23# M. Hillery, R. F. O’Connell, M. O. Scully, and E. P. Wigner
Phys. Rep.106, 121 ~1986!.

@24# H. Risken, The Fokker-Planck Equation~Springer-Verlag,
Berlin, 1989!.

@25# C. W. Gardiner,Quantum Noise~Springer-Verlag, Berlin,
1991!.

@26# P. D. Drummond and C. W. Gardiner, J. Phys. A13, 2353
~1980!; K. J. McNeil and C. W. Gardiner, Phys. Rev. A28,
1560~1983!; C. W. Gardiner and M. J. Collett,ibid. 31, 3761
~1985!; A. S. Lane, M. D. Reid, and D. F. Walls,ibid. 38, 788
~1988!.

@27# H. Carmichael,An Open System Approach to Quantum Opt
~Springer-Verlag, Berlin, 1993!, p. 16.

@28# This finding is well in accordance with the more general res
obtained in Eq.~15! of S. L. Braunstein, e-print quant-ph
9904002.

@29# G. J. Milburn and D. F. Walls,Quantum Optics~Springer-
Verlag, Berlin, 1994!.

@30# K. M. Gheri, C. Saavedra, P. To¨rmä, J. I. Cirac, and P. Zoller,
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