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We suggest a variant of the recently proposed experiment for the generation of a kind of mesoscopic
superposition quantum stata Schralinger-cat-type stajge using two coupled parametric down-converter
nonlinear crystal$F. De Martini, Phys. Rev. LetB1, 2842(1998]. We study the parametric oscillator case
and find that an entangled Schinger-cat-type state of two cavities, whose mirrors are placed along the output
beams of the nonlinear crystals, can be realized under suitable condigd@%0-294{@9)06408-2

PACS numbe(s): 42.50.Dv, 03.65.Bz

I. INTRODUCTION scheme, is far larger than in the amplifier condition; in addi-
tion, the generation of parametrically coupled quasicoherent
Schralinger-cat-type stategmesoscopic superposition fields represents, in this context, an appealing perspective.
quantum statés[1,2] are most important in the domain of ~ The Schrdinger-cat-type state that has been put forward
fundamental quantum mechanics, since the study of thein Ref.[12], and is being analyzed in a more detailed fashion
progressive decoherenf®4] would provide a better under- in the present paper, is a superposition of two macroscopic
standing of the transition from thguantumto the classical ~ States, which are distinguished by their polarization. It can be
world [5]. However, due to their extreme sensitivity to the considered a sort of_ amplified version of the polarlzanon-
decoherence caused by the interaction with the environmerfg"t@ngled states, which have been widely used in the last few

such linear superpositions of macroscopically distinguishabl¢€ars for the demonstration of the violation of Bell's inequal-
states are difficult to produce and to obs€i3gl]. In the last

ity [13,14], of teleportation[9], and for the generation of
few years, a major effort in this field has led to the experi-

Greenberger-Horne-Zeilinger stafds].
mental production and detection afesoscopicsuperposi- The present paper is organized as follows. In Sec. Il we

briefly describe the process of type-Il parametric down-

. tie&4] and of the d _ fh ¢ %onversion, with an emphasis on the kind of entangled states
microwave cavitie$4] and of the dynamics of the center-of- usually produced in these experiments, and on the state we

mass motion of a trapped idi6]. On the other hand, en- \ant to generate. In Sec. Il we outline the experimental
tanglement has been widely recognized as one of the esseggyaratus needed for the realization of our scheme. We de-
tial and most puzzling features of quantum mechafildsn  yote Sec. IV to the presentation of the dynamical time evo-
that it allows the existence afuantum correlatedstates of  ytion of the density matrix and of the Wigner function in our
two noninteracting subsystems; entangled states play a crdystem, and Sec. V to the discussion of the stability condi-
cial role in the so-called Einstein, Podolsky, and Rosen paraions for our parametric oscillator. In Sec. VI we set the
dox [8], and are essential in the rapidly growing field of initial conditions for the two coupled nonlinear crystals and
qguantum information, as they allow the feasibility of quan-the two cavities, whereas the way in which the cat state is
tum state teleportatiof®], quantum cryptographf10], and  produced is discussed in detail in Sec. VII. Sec. VIl is de-
guantum computatiopl1]. voted to the presentation of the three methods we propose for
In two recent paper$l2], one of us has proposed a detecting and characterizing the Safirmer-cat-type state:
scheme for the generation of a kind ofmplified photodetection(Sec. VIII A), measurement of the second-
Schralinger-cat-type state. It is based on the concept obrder quantum coheren¢8ec. VIII B), and Wigner function
guantum injectionnto an optical parametric amplifi¢©PA) reconstructionSec. VIII C). We finally summarize and dis-
operating in arentangledconfiguration. cuss our results in Sec. IX. The Appendix is devoted to the
As a relevant variant and a natural extension of the aboveevelopment of the small interaction time approximation.
scheme, in the present work we analyze the case of quantum
injection in an optical parametric oscillaté®PO) in which
two optical cavities are added to the OPA scheme considered
in Ref.[12]; refer to Fig. 1. Since the presence of the cavities
leads to a large enhancement of the nonlindlr) paramet- Let us first describe the kind of states commonly gener-
ric interaction, the number of the photon pairs which areated in the experiments aimed at the violation of the Bell's
expected to be generated, in practical conditions, by the OP@equalities. In these experiments the NL crygtgpically
beta barium borajes cut for type-ll phase matching where
the two down-converted photons are emitted into two cones,
*Electronic address: mauro@camcat.unicam.it one “ordinary” polarized ), the other “extraordinary”
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is a nonlocal superposition in which a macroscopic optical
field is “localized” simultaneously either in the- or in the
o-polarized mode. In other words, it is a state more similar to
nonlocal field states, such as

uv

1
|¢>:E(|a>1|0>2+|0>1|a>2): (2.9

where the field can be simultaneously in one cavity, or in
another cavity and whose generation is discussdd 7h

FIG. 1. Scheme of the experimental apparatus required for the \We shall present here an experimental scheme for the
generation and detection of entangled superpositions of macrqyeneration of a state which is actually a mixed state, but
scopically distinguishable states; the idler beakp) (of the first  nponetheless, has the same structure of the state a2E3),

nonlinear crystal NL1 is used to inject a second nonlinear crystathat s, can be represented by the density operator
NL2, while its signal beamk(;) triggers the photodetect@r, after

passing through a polarizer. Modé&s and k; are placed within 1
couples of mirrors. The detection apparatus—a rotator, a polarizing  p= E[p(N)le,20® p(0)10,2¢t P(0) 16,209 P(N) 16 2¢
beam splitter PBS, and the two detect@rs and D —probes the
field alon_g Ky, partially leaking through one of the mirrors of the +P(|NT)1e,20®P(|NT')1o,2e
parametric oscillator.

+p(INT) e 20® p(INT") ] o], (2.5
polarized €). When the angle between the pump direction
and the nonlinear crystal optical axis is sufficiently largewherep(N) is a two-mode mixed state with a large number
[13], the two cones mutually intersect along two lines, lyingof photons,p(0) is a two-mode mixed state with a small
on opposite sides of the pump beam direction. These ongsumber of photons and(INT) and p(INT') are the inter-
identify the output modes of the parametric down conver{ference terms.

sion: IZJ- (j=1,2). Therefore, the field belonging to the

modesk; can be simultaneously- and o-polarized. In typi- . EXPERIMENTAL SCHEME
cal conditions, the output state of the emitted photon couple

We shall consider an experimental arrangement, Fig. 1,
may be expressed H@,12,14 P g 9

based on the one proposed in Ref2] and similar to that
1 adopted in Refs[18] to show the realization of inducing
— —(le;.0,)+€%]0;.,)). 21 coherencej Wlthou_t mdu_ced emission, and in I?]a@ where
) \/§(| 1:02) l01,€2)) @D 5 ring cavity configuration has also been considered. Two
down-converter NL crystals are arranged in such a way that
Since we have, for each couple, four degrees of freedorthe two corresponding idler beams are aligned along a com-

involved, i.e., two states of orthogonal linear polarizat®n mon directionk,. Moreover, both idler beams and the signal

o for each modek;, we can rewrite staté2.1) in the more  beam of one NL crystaiwith wave vectorks) are placed
precise form within couples of mirrors. This scheme can be thought of to
realize the coupling of two nondegenerate OPOs. The signal

1 ib beam of the other crystal, emitted along the direct@n
ly)= \/§(|1>1e| 1)20/0)2¢l0) 10+ €'?| 1) 10| 1) 26 0) 16| 0) 20) triggers the photodetector,D
(2.2 The directionsk,, k,, andks are selected to realize for
. . ] . both NL crystals the type-Il phase matching described be-
which V\‘/‘I|| be_'ulsed in the followmg,.’ _ fore. These beams are then associated with six modes, with
The Schrcd_lnger-cat-type; state” we want to generate is gnnihilation operatorsi;,, aie, 8s0, 8ge, Asg, aNd age.
a sort of amplification of this state, that is, it may be ex-Note that the first two annihilation operators refer to travel-
pressed in the form ing waves, while the last four refer to cavity modes.
The dynamics of the system is determined by the nonlin-
_ i N Ny, 10Y4.00 ear parametric interaction at each crystal and by the damping
)= \/E(l'f/’ Y1el#")2010)2¢l0)10 terms associated with losses and dissipation inside the cavi-
_ ties[20], as we shall see in the next section.
+el¢|¢N>lo|¢N>Ze|o>le|0>20)7 (2-3)
) _ _ IV. TIME EVOLUTION FOR THE DENSITY MATRIX
where| N is a state with a large number of photons in some AND THE WIGNER EUNCTION
sense, and the statd®) are to be interpreted here as
squeezed vacuum states. This kind of state is different from The partial Hamiltonian operators describing the unitary
the traditional Schmdinger-cat-type states discussed in thedynamics inside the crystals are given [il1]
quantum optics literaturi8,4], where one has singlemode
of the electromagnetic field in a superposition of two macro- Hy ;=i x1(al 8, —a1e820) +i% x1(al,ahe— a10800),
scopic states with different phases of the field. The s&a® (4.1a
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ST At at _a 2 ; At At _a 4 variables(or three complex variablgslts time evolution,
Hinwo =17 x2(820850 ™ 820830) + 17 X2( 82650 azea:zz)'lk)) upon evaluating the commutator and the damping terms and
' after some lengthy algebra, is described by the six-
wherey;= e, x?, xo=e,x?, x@ is the second-order non- dimensional Fokker-Planck equatif?4]
linear susceptibility of the crystals, and (i=1,2) is the
pump intensity in crystals 1 and 2, respectively, which is J - J - 4 -
assumed to be “classical.” g MzD =7 a_zi[ziw(z’t)]+ Dj iz, 0z w(z.v),
Due to the explicit presence of dissipation in this problem, 4.9
one has to write the master equation for the reduced density
matrix of the combined system, which arises from thewhere the vectorz=(X;,y;,X,.Y2,X3.Ys), the matrix D
Hamiltonian termsg4.13 and (4.1b and from the damping =diag(0,0k/4,k,/4,k3/4,k5/4), and
terms
0 0 —x1 O 0 0

‘cip:Ki(zaipai‘r_ai‘raip_parai): (4.2 0 0 0 X1 0 0
for i=2e,20,3e,30. Since the damping constants are es- -x1 O kK, 0 —x»
sentially connected to the transmittivity of the mirrors, it is Y= 0 x 0« 0 4.9
quite natural to assSUM@s.= K2o= K> aNd k3= K3,= K3. ! 2 X2
Upon writing the full master equation for the total density 0 0 —x2 0 «x3 O
matrix p1 of the (six-modeg system, it appears clear that the 0 0 0 x, 0 kg

dynamics of the six modes actually decouples into two inde-
pendent dynamics for two groups of three modes. In fact, The solution to Eq(4.8) can be writter{ 25] as the inte-

one has gral
07=L1e—20-36PT+ L1o— 26— 30PT 4.3 R R -
Pt le—20—3ePT lo—2e—30PT 4.3 W(Z,t)=J d4Z’W(Z’,0)T(Z,Z',t), (4.10
where
i where
Lie-20-3ePT= — %["'m—zo—ae,PT]Jr K2(28z0p78%, L 1
)\T ~ AT ~ ~ AT (E!E,Yt):—?)—
— 80820PT ™ PTA020) T K3(283ePTAZe (2m)> yDeto(t)
_ata _ 2t 1. - - >
A3083ePT— PTAZA3e) 4.9 Xex;{ _ E(Z—G(t)Z'lO'_l(t)lz—G(t)Z'> ,
and
(4.113
Hle72of3e: |th(aIea£0_ alea20) G(t) — exq _ 'yt), (4.110
- Stat A oa
—HﬁXZ(aZoaSe_ a'20a3e)- (45) and

L10-2e—30 1S identical to L 5,_3e Up to the substitution .
e—0 ando—e. As a consequence, the complete time evo- O'(t)=2f dr G(7)DGY(7) (4.110
lution will be of the form 0

pr(t) =eF1e-20-3elel10-2e-30!p(0). (4.6)  G! being the transposition of the matrex

From Eq.(4.6) it is clear that if the initial condition is fac-

torized, namely, if V. STABILITY

The stability properties of the system are intimately con-
P1(0)=pie-20-3e(0) ® p10-2e-30(0), 4.7 hected to the tx;lrpesﬁold of the overZﬂI OPO consisting gf NL1
the state will remain factorized at all times, unless specifi-and_NLz' Below threshold, f[he system is stable aTTd reaches a
stationary state, since all eigenvaluesydfiave positive real
parts. On the other hand, above threshold, the system is un-
stable and its energy exponentially increases, because some
eigenvalues ofy have negative real parts.
This result can be easily checked in the case in which the

cally designed conditional measuremejg] are performed

on the systentfor example, on the modlél).
Due to the decoupling between the-220— 3e and the
lo—2e—30 modes, we can simply restrict ourselves to the

investigation of the three-mode problem described by th - : ; ; :
master equation4.3) with Eq. (4.4, and we shall drop the Fﬁ)arametnc oscillator associated with NL2 is decoupled from

subscripte ando when not needed. NLL (x,=0); in this case modek, andks; decouple from

The Wigner function [23] W(X;,Y1,X5,Y2,X3,Y3) modeky, arjd we iznd up with a four-dimensional problem for
=W(aq,a,,a3), with a;=x;+iy; (i=1,2,3), resulting the modesk, andks, described by a Fokker-Planck equation
from this density matrix will then be a function of six real of the same type as E¢.8), but with
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k, 0 —x, O The equilibrium state is thus a Gaussian state in which the
0 x, 0 modesk, andks are correlated.
v= , (5.7 The initial statep, 3(0) is then given by the density ma-
—x2 0 k3 0 trix corresponding to the Wigner function
O X2 O K3
2 2
and D =diag(ko/4,k/4,k3/4,k3/4). In this case thédoubly Wgt—3(0):(3) ( 1— X2 exp{ —2| X2+ y2+x2+y?2
degenerateeigenvalues ofy are ™ k?

Kot K Ky— K X2 X2
W 3i\/( g 62 —ZrX2X3+2?y2y3)]' 69

and the stability condition becomes where it is straightforward to realize that the modes 2 and 3
are correlated. Moreover, it is not a pure state because

X§$K2K3, (53)
. L . 2
which coincides with the customary threshold for the para- o 2-3, 12 X2
metric oscillator{ 21]. However, if we turn on the first para- Tr(p) = | dxydy, dxgdys[ Wy ~(0)]"=| 1 F <1

metric amplifier (¢, # 0), then the problem turns from four- (6.6)
dimensional to six-dimensional, as we have seen; the
eigenvalues ofy change and it is, in principle, possible to as expected

change the threshold, i.e., the stability condition. As soon as The reduced density matrices of each mode are identical

x1# 0, namely the first parametric amplifier is present, theapd coincide with the thermal state
system becomes unstable, independently on the values o

X2, K2, @andks. In fact, the eigenvalue equation foris

2(. X5 %
[)\3_(K2+K3))\2+(K2K3_X§_X§))\+K3X§]2:O. Wtr)?d(o):;(l_ﬁ) eXF’{_2|a’|2(1_p , (6.7
(5.9

As a consequence, we have three doubly degenerate eigemith an initial mean number of photons given by
values §1, Ny, and \g). Since)\l)\z)\3=—xgxf, at least

one of thex; has a negative real part. o X%

N=——2—, GE:)

VI. CHOICE OF THE INITIAL CONDITION 2(k"=x2)

We assume that at the beginning the first crystal i§yhich means that when the oscillator is initially sufficiently

switched off(the pump strengtle;=0). On the other hand, ¢jose to threshold, the initial mean number of photons in

the second pump is one{+#0) and the second parametric y5qes 2 and 3 within the cavities can be large.
oscillator is in its equilibrium state below threshold. We

therefore have a factorized initial state
VII_._ GENERATION

pT(O):p1972073e(0)®P1072973o(0), (6.1 OF THE SCHRODINGER-CAT-TYPE STATE
where At time t=0 the first pump is turned ore(#0). Also the
first crystal begins to operate and the two groups of three
P1e-20-3e(0)=P10-2e-30(0)=p1-2-3(0) modes start their joint evolution, according to
=10)11(0|® p,_3(0), (6.2
sl o pr(t)=efre-20-3elp, . o o (0)@el10-2e-30lp, ,o 50(0),

andp,_5(0) is the equilibrium state of the oscillator below (7.1
threshold. This can be easily determined upon considering
the limits where the two factorized evolutions are identical because

. . both the operatof and the initial condition are identical in

ImG(t)=0, lma(t)=o(), 6.3 P

the two cases. As a consequence, we end up with two iden-
tical six-dimensional problems.

and results in the following expression: The solution of Eq(7.1) can be found as in Sec. IV by
using the Wigner functions

t—o t—o

W(Z,tzw)zf d*z’ W(z',0T(z,2',)
W123(Z,t)=f d®z' Wi,z .0)T(z,Z',t), (7.2

— ! exp{—lf )z
" (2m)? deto (=) 2% '

where the initial Wigner functiotW;,z,0), corresponding
(6.4  to the initial density matri{Eqg. (6.2)], is given by
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2
X2

: e—z(x§+y§)
k

1—

- 2\
Wi,42,0)= (;)

-

—2[X3+y3+x3+Y3

X2
_2?(X3X2+ys)’2) ] (7.39
2\3 I
=(;) \VdetC exp{ —2(z|C|z)}, (7.3b
with
1 0 0 0 0
1 0 0 0
X2
0 O 1 0 -2 0
k
X2
C= 0 O 0 1 0 " (7.4
X2
0 0 -== 0 1 0
k
X2
0 O 0o = 0 1
k
and
2\ 2
detC= 1—%) . (7.5

From Eq.(7.2) one can immediately recognize that, since the

initial state W123(Z,O) is Gaussian and the propagator

T(z,z',t) is also Gaussian, the Wigner functiv¥,4z,t) of

the evolved state must remain Gaussian at all times.
Upon integrating oved*z’, Eq.(7.2) can be rewritten as

VIO et~ (2102},

-

W(z,t)= (7.6)

where

G(t)C GY(1)]

B(t)=|2a(t)+ 5 :

(7.7

andG(t) ando(t) are the six-dimensional matrices defined
in Egs. (4.9, (4.11h, and(4.110.

DE MARTINI, FORTUNATO,
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taking full advantage of the degree of freedom represented
by the traveling-wave mode 1, we perforncenditional[22]
measurement on direction 1, thereby conditioning the state of
the four modes along directions 2 and 3 upon the detection of
a photon along direction 1, polarized at4 with respect to

the two output polarizationsando, which are orthogonal to
each other. In this way we also post-sel@tbng direction 2

the input state of the second crystal. The projection operator
associated with such a conditional measurement is therefore
given by

~ 1
Pw/4:§{| 1)16/0)1e0)10/1) 16}

X{10<1|1e<0|+1o<0|1e<1|}- (7-8)

As a consequence of this measurem@rittose success prob-
ability amounts to 0.bthe state along direction 1 and direc-
tions 2 and 3 factorizes. The state along direction 1 is given

by

1
|¢>1:E{|1>10|0>1e+|0>1o|1>le}1 (7.9

which represents a photon polarizedmd#, while the condi-
tional state for directions 2 and 3 is represented by the den-
sity matrix

pgo—Se—Ze—Bo(t)oc{lo<1|1e<0| + 1o<0|1e<1|}P10—2e—30(t)
®Ple—20—3e(t){| 1>10|O>1e+ |0>10| 1>1e}a

(7.10
which can be rewritten as
PSo-3e-20-30(DF PS5 30050 36T P58 305036
+ 50" 30P 50" bt P 30P 50" 3el,
(711
where
p525=1(1lp1-2-3(1)[ 1)1, (7.123
p$23=1(0lp1_o—3(1)[0)1, (7.12h
pS™s=1(1lp1-2-3(1)[0);. (7.129

The state of Eq(7.11) is of the same form of the desired
state[Eq. (2.5)] and is a linear superposition of distinguish-
able states, as long a$", is well distinguished fromp{®, .

It should also be emphasized at this stage that the density

This Gaussian evolution holds for a short time only. As amatrix (7.11) directly corresponds to the Wigner function,
matter of fact, one should distinguish between the modéq.(2) of Ref.[12], obtained in the OPA case. The similarity

along direction 1 and those along directions 2 ané;?»and
a] denote the creation of a photon in teetionary-wave
modes within the cavities, wherea$ denotes the creation of

a photon in thetraveling-wavemode along directiork;.
Therefore, the interactioi  ,=i%y,(ala}—a,a,) exists

between the OPO and OPA configurations is better brought
about in the limit of small interaction timesee the Appen-
dix, where it is also shown that—in this limit—many of our
results are very similar to those obtained in the OPA case
[12]). Roughly speaking, one should recover the OPA results
from the OPO ones in the limik—o, since this condition

only for the time period during which this traveling wave means the absence of cavity mirrors. However, this corre-
mode 1 movesvithin the nonlinear crystal. In order to pre- spondence does not hold exactly because the initial state in
pare the desired state for modes 2 and 3, simultaneoust)e OPO caséthe state present in the cavity tat 0, when
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the first nonlinear crystal is switched )ois slightly different.  with an identical form for the reduced statg, . The reduced
This fact explains the differences between the OPA and thdensity matriceps, andps, can be determined in a similar
OPO, which result in a far larger effective number of pho-way.

tons in the latter case. From Eq.(8.4) it is immediately apparent that the reduced
state of the mode € is given by the sum of two density
VIIl. DETECTION matrices, conditioned upon the detectionoofe photon and
OF THE SCHRODINGER-CAT-TYPE STATE of zero photons in the mode d. (or, more preciselypne

photon in the mode €), respectively. Therefore, the two

How can we probe the quantum state produced in thiserms of the reduced density matrix can be experimentally
parametric-oscillator entangled configuration, and prove thagbtained by rotating the polarizer in front of the detediyr
it actually represents a Schiioger-cat-type state? In order |ocated along the directiok;. When the polarizer is vertical
to do this, one has to independently show tfiathe state is  (mqgge %), we have zero photons in the mode, &and only
indeed made out of twanacroscopically distinct compo- the second term of the sum on the right-hand dithe) of
nents (ii) these two components exhiljuantum interfer-  gq (g 4) is realized. On the contrary, if the polarizer is set
ence so that the state can be considered a ingar super-  qrizontally(mode 1), one detects one photon in the mode
position rather than astatistical mixture and (iii) the 10, projecting the resulting density matrix for the mode 2
“separation” between the two components scales with &,ntq the second term in the sui.4). However, both terms
macroscopi®r mesoscopiparameter, usually the number of .. present when the polarizer is set at 45°. An experimen-

photons. To achieve this goal, we propose three different and,ict could then take advantage of this property to test the

independent methods, which can be used either altemativelyesence of the two component states; the distinction be-
or simultaneously, as we shall explain in detail in the nex

) ween the two states in the superposition can be made via
three subsections. photon-number measurements, yielding the probability dis-
tribution P(n,e). In fact, one has
A. Photodetection

Let us employ photon-number measurements for the 1
modes along direction 2, thereby collecting the photon- P(nze) = 5[Pr(Nze) + Py(Nze) ], (8.9
number distribution$(n,,) andP(n,.). We therefore con-
sider the reduced density matrix obtained by performing th%vhereP

trace on the state of Eq7.17), that is n(nye) [Py(Nnye)] is the probability distribution ob-

tained when the polarizer is set horizontaisgertically). The
results an experimentalist would obtain with a simple photo-
detection in these two situations are shown in Figa) and

1 o 0) 2(b), together with the probability distributioli8.5 one

= 51Traolpze-30] Tr2d p2-s] would obtain when the polarizer is set at 45ig. 2(c)]. The
plots of Fig. 2 show that simple photodetection allows one to
distinguish between the two macroscopic components in the
state(8.4) and have been obtained by assuming an idezal
efficiency equal to onephotodetector. A realistic photode-
whereP(/4) is the probability of finding one photon with tector, however, has a finite efficiengy<1 and can be mod-
polarization atm/4, that is, eled[25] as an ideal detector preceded by a lossless beam
splitter (BS) with transmittivity ». As a consequence, the

P2e=Tr20- 3¢ 301P2e-30-20-36(1)}

-1
, (8.

T
+Trso[p§%lso]Tr23[p‘21_3]}[P(Z)

- . photon-number distribution actually measured with a real de-
P(Z) =Tl 10— 1e—2e—30-20-3el Pm/aP10—26—30(1) tector is given by a convolution of the ideal photon-number
distribution with a binomial distribution depending on the
©p1e-20-3e()]=Tro 5[ p§23]Tr, o[ p&5] efficiency » of the detector,
(8.2 x,
=2 (n) KL= )" P(n) (8.6
P = - . .
represents the probability of the conditional measurement ol n=k \ K g g

generating the desired Schiinger-cat-type state. The inter-
ference terms in Ed-7.11) obviously give no contribution to |, Fig. 3 we plot the photon distributions corresponding to
Eq. (8.1), since Fig. 2 for a detector efficiency=0.7. These plots show that
. even with an inefficient detector it is possible to distinguish
T o[ p8™41=Tro sl 1(1|p1-»-3(1)|0)1]1=0. (8.3  petween the macroscopic components of the generated
Schralinger-cat-type state.
Combining Egs(8.1) and(8.2), one obtains, for the reduced In this way we have verified the existence of two distinct
state, components in the sta{@.4). But how can we be sure that
these two components form a quantum superposition and not
1] Traop$t) 50 Traep$? o, just a classical mixture? To answer this question, one has to
P2e=75 + , (8.4  perform a measurement to be able to distinguish the “cat-

1 0
Try_3pss  Tro_gp8s type state,”
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FIG. 3. Photon-number probability distributions for a photode-
tection experiment on mode=2which are the same as in Fig. 2 but
for a detector efficiency;=0.7.

FIG. 2. Photon-number probability distributions for a photode-
tection experiment on modee2 Py(n,e), Py(nye), and P(nye)
[see Eq.8.5)] are plotted, respectively, ifa), (b), and(c), for an
initial mean photon numbé¥ = 2.38. The squares correspond to the

. . . 1 )
exact calculation, whereas crosses refer to the small-time approxi- c=-—(a,.+e% 8.9
mation[see Eqgs(A10) and (A12)]. 2 (820 2¢), 8.9
- so that the operator number of photons for the modd! be
pggt,ge,2e,3o(t)=[2Tr2,3 p(2133Tr2,3 P(zof)s] ! . P P
given by
1 0 0 1
® [p(ZG), 30P(20)7 3eT p(Ze)faop(Zo)f 3e 1
. . . . far Z(al i it —ipt
+plm  p(nOT  pn0t ) c'c= 5 (az0820 Agel2et € “A2000 T € “A2eB20)-
8.7) (8.10
_ o _ To be more precise, one should consider that the output field
from the corresponding statistical mixture is not equivalent to the input fiel26]. The change in the
_ output field with respect to the input essentially amounts to
P e 30(1)=[2Tl_3 p(zljg Tr,_3 p(zojg]*l lr)eplacing our field operatorsandc’ in Egs.(8.9) and(8.10
y
1 0 0 1
X [p(Ze)—3op(20)— Se+ p(Ze)—Sop(Zo)— 3e]' \/_
(88) b= K,C+ bin1 (81])
_ o ) whereb;, specifies the field that is input to the cavity bound-
which does not exhibit any interference. ary andk, is the mirror loss. However, this modification has

In order to reach this goal, we perform an lnterferencqqo practical consequences as far as normally ordered opera-
experiment, involving the modes along directi&@n only,  tors are concerned, for a vacuum input, as is generally the
using a detection system similar to the one proposed in Retase[27]. All quantities we shall consider at the present and
[12], as schematically described in Fig. 1. The measuredh the next subsectiofphoton-number distributions and cor-
quantity is given by the photocounts at the dete€@gr as a  relation functiong are indeed represented by normally or-
function of the variable phasg. The annihilation operatar ~ dered operators. The only practical modification is then the
corresponding to the mode traveling to the deteBtpffrom irrelevant/k, factor, which amounts to a rescaling param-
now on, for the sake of notation, we shall drop the “hat” eter related to the photon flux. Therefore, in the following we
symbol for operatonscan be written in terms of the annihi- shall make use of the internal cavity operatdnstead of the
lation operators of the modes2and 2 as output fieldb. A similar argument holds also in the case of
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homodyne detection, where again only normally orderedyhereN is the initial mean photon number in the cavity. In

quantities are considered. This is particularly evident in the;onclusion, the diagonal contribution to the expectation
case of the correlation functionSec. VIII B) where this  yajue in Eq.(8.12 amounts to

factor has no consequences in the comparison between Egs.

(8.363 and(8.36h. Of course, a large attenuation factor may 1+3N
lead to difficulties in distinguishing the two separated com- (cTC)mix= > (8.18
ponents in Fig. 3, since a low average number of photons
would wash out their dIStlnnghablllty which is indee(hs independent as expected_

In order to be able to distinguish between the superposi- e turn now our attention to the off-diagonal terms in Eq.
tion state and the mixture, the expectation value (8.7), which are absent in Eq8.8). First we note that the

expectation values of the number operators relative to the
<CTC>°at:Tr[CTCpgzt*%*Ze*%(t)] (8.12 tW(F)) polarizations in mode 2 computgd on the off-diagonal

has to be different from terms vanish, i.e.,

. T —(al _
(T mx=TrcTCpIX oo e 30(t)]- (8.13 (820820)0—d= (82¢820)0-d= 0. (8.19

It is then clear that this interference experiment can answe'gn the other hand, the third and fourth terms on the rhs of

our question whenever the contributions of the off-diagonal g.(8.10 give, to th_e expectation value on the off-diagonal
terms, the contributions

terst '(IfEt():TFCp((ZE;_)g,Op(ziQtlge] and its complex conjugate
i i ' B
Trlc Cpre-30P20-3¢] are nonzero. . €' alyaze)o-a={2 T3 p§5]Tro 5[ p§24]} 1
Let us start by evaluating the contribution of the diagonal . .
terms, namely, Eq(8.13. After explicit integration of the X ((@e) M (@, )0t

corresponding Wigner function, it is easy to prove that the
phase-dependent terrfthe third and the fourth term in Eq.

(8.10] vanish when one computes the expectation value, Eq. igyat i) ot .
(8.13. Therefore, the diagonal terms vyield a phase e '"(@ze820)0-a= (€' "(8z082e)0-a)*,  (8.20D
(¢)-independent contribution given by

+(a5e) MT(af,) (M), (8.203

where
1 ) )
<CTC>mix:E(<a£oa20>mix+<agea2e>mix) <a2>(mt):Tr273[p(2|@3a2]- (8-21)

1 These contributions are generally different from zero, and
= —[<n20)(1)+(n20>(°)] this observation is sufficient to reach the conclusion that the
4 proposed interference experiment is able to distinguish the
1 cat-type state from the corresponding mixture.
+ Z[<n26>(1)+(n29)(°)] (8.14a We are able to evaluate these off-diagonal terms in the
small interaction-time limit developed in the Appendix. At
the lowest order iny;t, x»t, andkt, we have

— L+ ()] (8.14h -
2 ' pS"%s=alp, 5(0) (8.22
where and, therefore, using E@8.21),
L Tras[pb) saja,] a5e) ™=y, t(N+ 1), (8.233
<n2>(|): S 5 : (8.19 (aze) x1t(
b (250) (™= x;1(a2) =0, (8.23b
(i=0,) is the mean photon number in one of the two diag- - t
onal states in Eqg8.7) and(8.9). In the small interaction- (abo) ™= y1t(ajo)=0, (8.230
time limit, which is very well justified in the present case _ o
(see the Appendix 1>kt, x;t, x»t, we have[28] (a ) M=y t(N+1). (8.239
P 3=p,-3(0), (8.168  On the other hand,
pSsalp,_5(0)a,. (8.16b p$a=xit?ajp,_5(0)ay, (8.243
As a consequence, thg t_wo expectation values on the rhs of p(20—)32p2—3(0)1 (8.24h
Eq. (8.14h can be explicitly evaluated and are given by
2 1 which yield, respectively,
n)@=N=|2| —-1]| |, 8.17 —
(nz) X2 (8173 Try 3 pS 3= x2t3(N+1), (8.253

(n)W=2N+1, (8.17b Tro_3p =1, (8.250
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and, finally, mode 2 alone, is given by E.7), which represents a ther-
_ mal state with a mean number of photons giveri\ogf Eq.
e' %@}, as0)0_g= N+1ei‘f’ (8.26 (8.173.
2092¢/o-d™ 5 ' ' Upon evaluating all the required expectation values, we
obtain

In conclusion, considering the off-diagonal contribution, Eq.
(8.12 can be rewritten as ¢ o 16NZ+14N+2+2 cosgp(4N?+5N+1)

<CTC>cat:<CTC>mix+ TCOS¢- (8.27 (8.333

—, — — =
It is then clear that the photocounts at the deteBipexhibit ((d'd)?)= 16N"+ 14N +2—2 cosg(4N"+5N+1) '
interference fringes as a function of the variable phasé 4
and only if the staté€8.4) is a true linear superposition and (8.33h
not just a statistical mixture of the two macroscopic compo- - _
nents. The visibility of such interference fringes is given by (c’ed'd)=N(2N+1). (8.330
v 1+N 6.28 Fron IZEqs.(%332rirtdisch¢ar that ttr)}e visibility of the fringes in
= =, . c'c)?) an is given
113N ((c'c)?) and((d'd)%) is g y
— AN?+5N+1
and has therefore the lower bound 1/3 oo, == (8.39
8N2+7N+1

B. Correlation functions _
L . L . and monotonically decreases frowh=1 (for N=0) to V
Our aim in this subsection is to compute the first- and —
second-order correlation functions relative to our output_ 1/_2 (for N_’OO_)' . . .
modes, in order to make an independent test of the presence Finally, considering the field at the output portthe first-

of quantum coherence in our system. We keep in niza and second-order correlation functions for mode 2 can be
that a manifestation of quantum coherence at second order Y¢itten as

sub-Poissonian statistics, i.e., _ _
1+3N+(1+N)cos¢

(1) _/ntA\ —

G@(0)<[cM(0)]% (8.29 GEY(0)=(c"c)= 5 . (8353
whereG®(0) andG?(0) are, respectively, the first- and (D)o bt o g2yt
second-order correlation functions. G37(0)=(c'c’cc)y=((c'c)’)—(c'c)

Let us consider the same experimental apparatus we have —ON[1+2N+(N+1)cose],  (8.35D

proposed for the detection of interferen@ze Fig. 1L We

now take into account both output podsandd of the po-  respectively. It should be noted that these results map into
larizing beam splitter(PBS, with annihilation operators the corresponding ones obtained in REf2] for the OPA

given by, respectively, E¢8.9) and case upon a redefinition of the phase angles. By comparing
[G™M(0)]? and G@(0) it is possible to see thas((0)
g i(aZO_ei¢a2e)r (8.30 <[G™)(0)]* only at low mean photon number, as it could
J2 have been easily expected. The best situation is obtained
when ¢=0, in which case
and evaluate the correlation functiofs'cc’c), (d'dd'd),
and(c'cd'd), wherec'c is given by Eq.(8.10 and [GM(0)]2=(1+2N)?, (8.36a
de: %(aganO'l' aZeaZe_ ei(ba;ane_ e_i(ﬁaZeaZo)- G(Z)(O) - 2N(3N+ 2), (8'360

(8.3 and the condition for quantum coherence at second order is
We shall evaluate the functionsc’c)?, (d'd)2, and reached Whe_rN<1/\/§. On the other hand, whes#=,
(ctcd'd) in the small-time approximation limisee the Ap-  [GM(0)]?=N?, G(*)(0)=2N?, and therefor&)(0) is al-

pendi®, in which ways larger thafiG)(0)]2.
P2e-30-20-3¢(1) % (36 a20) Pre—30(0) p20-36(0) C. Wigner function
X (et ay), (8.32 The aim of the present section is to provide a means to

represent the essential features of the Sdinger-cat-type
where p,,-3¢(0) is the Gaussian state described by thestate, Eq.(7.11), which “lives” in an eight-dimensional
Wigner functionwZ, 3(0) of Eq.(6.5), for which the Wigner  phase space, in the more customary two-dimensional phase
function corresponding to the reduced density matrix ofspace, in order to make a comparison with the more conven-
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tional cat-type state$2,4]. Let us start from Eq.(7.11), Wherepﬁt45’2;+45’3(0) is the equilibrium state below thresh-
which we rewrite here for convenience: old of the parametric oscillator when NL1 is turned off, and
. 1) ) 0) (1) the same initial condition holds for the-45°-polarized
P20-3e—20—30(1) X[ P3¢~ 30P20- 36T P26 30P20- 3¢ modes. As a consequence, the same Gaussian evolution we
+p(in9 p(intl’r +p(int_)f p(intl . have fou_n_d in Sec. IV holds. T_he pnly differer_lce_is that now
2e-30f20-3e © [F2e-30M 20~ 3e the conditional measurement is simply a projection onto the
(8.37 state|1) 454, i.€., the one-photon state for the 45 ; mode,
while the —45°-polarized modes remain decoupled from the
The Wigner function representation of the density matrixorthogonal ones.
(8.37 would, of course, reflect its characteristic Satinger- The cat-type state after the conditional detection of the

cat-type properties. However, in order to better understanfl=1 photon for the+ 45,1 mode is then written in the fol-
the nature of this state, it would be interesting and desirablgyying way:

to see whether it is possible to find different optical modes in

whose terms the _sta@nd therefore the Wig_ner fgnctibn p°% 45 0]+ 45K 1| Pt a5.1:+ 4524 45.41)

may be rewritten in a simpler form. Our key idea is then to

look for linear combinations of mode operatdwghich can Xp_451;-452-4531) +4510) 451

easily be realized with linear elements: polarizers and beam _ (1) % 5©) (8.42
splittery, such as to factorize the stai@37) in smaller sub- P+452:+4539P~452-453 :
spaces.

where pi); and p), are again given by the expressions
(7.123 and(7.12h. It should be noted that, using these new
+45°-polarized modes, one gets a complete factorization of
the —45°-polarized modes, which ampot affected by the
quantum injectiorprocess induced by the conditional mea-

We first perform a transformation which changes the hori
zontally and vertically polarized modes into the
45°-polarized ones, namely,

a5 zzw, a s 2=M7 (8.383  surement. The-45°-polarized modes are not “interesting,”
' V2 ’ 2 in the sense that all the cat-type properties of the $8at)
are contained irp(+1‘{5‘2;+45'3 and, therefore, we shall neglect
aget+a a..—a them from now on. We are then left with the state
_ 93e 30 _ “93e 30 (8 38[2) 1) . .
1453~ —\/5 ) 3745,3——\/5 ; . P52+ 45 3» Which is anentangledstate of the modes 45,2
and +45,3.

. . - As the second step of our procedure aimed at the further
and the corresponding expressions for mégeand for the  gimpjification of the original eight-dimensional Wigner func-
creation operators. In terms of these new operattgs; and  tjon we consider the transformation
Hneo [Egs.(4.18 and(4.1b] can be rewritten as ’

a +a a —a
_2rasrr8vass | B+asz Brass (8.43
V2 2
which is suggested by the interaction term in E&390. In
HNL2=iﬁX2(a145’2a145'3— A4 45 A4 453 terms ofd, andd_, Eq.(8.39h becomes

_ T t
Hai =17 x1(a 45 A4 451~ Q44524450 d,

—ifixy(al 45 AT 451-8 458452, (8.393

—iﬁXz(ai45,2at45,3_3745,23—45,3)- X X
8.30 HNLzsz(de—di)—mf(diz—d%), (8.44)

We have already assumé8ec. IV) that the cavity decay and the two moded, andd_ are squeezed by the nonlinear
rates x; do not depend on the polarization. This in turn crystal. These modes can be experimentally realized outside
means thak 45 7= Kk _ 45 = k> and k45 3= k45 3= k3 and,  the cavity, for example, with two PBS’s and a 50-50 % BS,
therefore, for the+ 45°-polarized modes, we have the sameas schematically described in Fig. 4. The state of these two
evolution equation as that for the original modescept for ~modes can be represented by the Wigner function

a minus sigh Consequently, it is possible to repeat all the

sr::\me a(rjguments as befdﬁegs. IV and Vl()j. In palrtiguflar, W Xg, *Xd_ Yd,TYd Xd, ~Xd_ Yd, ~Vd_

the modesa, 451, @.45,, anda, 53 are decoupled from 1 , , , ,
their orthogonal counterparés. 451, a_ 45, anda_ 453, and V2 V2 V2 V2

the evolution equation may be rewritten as (849

where[see Eqs(7.6) and (7.
pr(t)=e“+4det4p 451\ 45501 453451452 4540)- [ as(7.6 (7.7]

(8.40
W ’ L] ’ d d W = y
In Eq. (8.40 the initial condition is given in the same way by 1X2¥2 X3 yS)OCJ' e

\detB
P +45,1;+452;+ 45,i 0)= | 0> + 45,1<0| ® Ptlt45,2;+ 45,3(0) ) X
(8.41) i

e (@812, (8.46
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-45,2 thed, mode, we need a secordnditional measuremein

the moded_, e.g., a projection onto the state
l@)a_=a|0)q_+B[1)q (8.50

The conditional state, provided the measurement has given a
successful result, would then read as

t *
Xt o\, B
2 coshyt

Xt

|)q, = a* 7,o> . (851
d+

Y We can reach a similar conclusion also by analyzing the
td. OPO case using the very well justified small-time approxi-
mation (see the Appendijxin the limit y;t, xot,xt<<1, ap-
plied to the modest-45,1, +45,2, and+45,3. We have, at
the lowest order iny,t,

T 453

1
P52+ a55= +as{1lp1-2—3l1) +as1 (8.523
FIG. 4. Scheme of the experimental arrangement needed for the wal 0
measurement of the Wigner functiésee text k, andks represent a4 4502-3(0)a 452,
the cavity modes of Fig. 1. (8.52h

. . ~where the initial density matrixp,_3(0) is the state de-
What is the nature of this state? In order to answer thigcrihed by the Wigner functiof6.5). If we now write Eq.

question, we are naturally guided by two different ap-(6.5) in terms of the new variables corresponding to the
proaches(i) the study of the OPA cada?2] and(ii) the use  modesd, andd_, namely,

of the small-time limityt, x,t,xt<1 we have already con-

sidered in Sec. VIII A and worked out in the Appendix. In Xo+ X3 Xo— X3
the OPA cas¢12] the output state at timeis given by Xd, = 7 Xd_= 7 (8.533
(1)) = e etk a2eis0) xat(algal 8o R 7 T I Vo £ (6.53
2 dJr \/E 3 d_ \/E 3 .
X (a3e+aho)|0), 847 e obtain
which can be rewritten in terms of the-45°-polarized 2 2 X
modes as Word- WA rwe- =2 [ 1— Llexg — 2| 1— 22| &2
bt bt Yot ~ 2 | Xd,
K
|w(t)>=e_X2t(at45,2’"i45,3‘3—45,23—45,3)|0> , .
X
T T t —2| 1+ X2 y?, — _ 22
®eX2t(@i 4521453 a+45,2a+45,3)a+452[0> K +ar 2
= o5 B 5 45 3. (8.48
45,2,— 45,37 +45,2;+ 45,3 xexy — 2 1+% xg_—Z 1+)% yé_ .
Neglecting the factorized staié®)s ,. 453, and using thel .
modes, we have (8.54

The initial states for the modeb. are generalized Gaussian

t gt )
P s 45 = exat2(d72-d) o= xoti2(d'2-d?) d,+d- 10) stateq25] of the kind
o \/E 1 1
(8.493 piocexp<—nd;di—zm;di—zmidﬁ), (8.59
_ 1t 1> xat o> with

2\l .

2

1+ \/1-—

X2t X2t 2

150 |——5.1 : 8.49 1 K
2 >d 2 >d ) (8490 n= In (8.563

) 7 X X5

which is an entangled superposition of tkqueezedne- N ; 1- _;

photon and vacuum states of the modksandd_. It is

quite clear now that if we want to “isolate” one mode, say, and
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X2 figuration, in the limitsk—c and of small interaction times.
m.==--n. (8.56D  The main advantage of the OPO is given by the larger effec-
tive number of photons per modd [see Eq.(6.8)] with
Since the initial state factorizes, we have respect to sinfixt of the OPA[12)].
We have therefore learned that in order to obtain a one-
pPy @l 4504, (0)pa (0)a 452 mode state, which embodies all the relevant features of the

original four-mode cat-type state, ohasto perform a con-

o(dl +d")pg (0)pg_(0)(d,+d_) (8579 ditional measurement on the mode . When this is suc-

; cessfully done, the final conditioned state of the made
=[d}pq, (0)d ]®pg (0) alone is described by the Wigner function

T T
+Pd+(0)®[d_Pd,(0)d_] W(5+)°C7TJ d2s_ Wa|0>+/3‘1>(5,)W(5+ ,5.),

+[d'pg,(0)]®[pg_(0)d_] (8.60

where
+[pa, (0)d,]@[d" pg_(0)], (8.57b
W( 5+ 157)
which is a mixed state analogous to the pure st&8td9
obtained in the OPA case. Its Wigner function can be calcu- (xd++xd Yd, TYd Xd, ~Xd_ yd+—yd)
lated from Eq.(8.57) and is given b =W , , ,

W(Xq,,Yd, Xd +Yd ) (8.61
X% 2 is the Wigner functionsee Eqgs(8.45 and (8.46)] of the
1-— ) state(8.57) and
_ 4 K 2 2 X2
o (S TR e 2
, W u(8.)= 2| L+ algl% |3~
2 a
K
2
X2 +4 RgS)Re aB*)+4 Im(5)Im(a*
3|2+ 2 & )Re(a*)+4 Im(5)Im(a* B)
, (8.62
+2| 4— X_z) (Xd+xd+Yd+Yd)1 is the Wigner function of the state onto which the conditional
K measurement projects the mode [Eq. (8.50]. According
><e—2(1—xz/K)(Xﬁjyﬁ)—ﬂlﬂz/K)(Xﬁfyi)_ 859 to the small-time limit approximatiofsee the Appendjxthe

explicit form of the Wigner function8.60 can be derived
from Eqgs. (8.57—(8.62 and, after a lengthy calculation,

Two important features should be noted within the form Ofreads

this Wigner functionii) The interference terrtthe last term
in the square bracketslecreases when the number of pho- X2 X2

. L. . . . . 2 2
tons in the initial state increases. This behavior is governed W(Xq,.ya,)*€xg —2|1—==|x5 —2| 1+ ~~]yg,
by the factor 4- X%/KZ and by the fact thafsee Eqs(6.9
and(8.17] N—oo wheny,/xk— 1. (ii) The Wigner function 5 ) X%/KZ
is negative around the origin and its negativity scales to zero X1 | lal*+[B] 4— 3 K2
as the initial mean photon numbir— . In fact, 2

2 2
2 [, X2 2 X2)
1_ X% 2 X Xd+ 2 P +yd+ 2+ P ) 1:|
W(0,000=— > AN S S X2
H 1 1 = = - - - 2 —_— —
8 72 (2N+1)(N+1) +18| +2R5<“*3 Xd+(2 K)
K2 X
8.5 . X2
(8.59 iya, |2+ " )J (8.63

We have already seen the same scaling behavior of quantum

properties withN—co in the calculation of the second-order Which is in very good agreement with the numerically com-

correlation functiorG(?), this is one of the desired properties Puted exact one. As desired, the valuéMfxy ,yq ) at the

of a Schrdinger-cat-type state, as we have emphasized at therigin may also be negativi@lepending on the parameters

beginning of this section. and B specifying the conditional measuremgnteflecting
Again, Eq.(8.58 bears a remarkable similarity with the the quantum properties of the original four-dimensional

corresponding result obtained in Rgt2] for the OPA con-  Wigner function(8.59. Explicitly, one has
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FIG. 5. Tridimensional plot of the Wigner function for tfik
mode for an initial mean number of photofry) = N=14.94. In(a)
and (b) two different viewpoints have been chosen to display more
clearly the quantum superposition character of the Qtihger-cat-
type state.

FIG. 6. Tridimensional plot of the Wigner function for the.
mode for an initial mean number of photois)=N=2.93. In(a)
and(b) two different viewpoints have been chosen to display more
clearly the quantum superposition character of the Stihger-cat-

o X2 type state.
2
K . . . .
W(xq =0yq =0)=2|8|? . —|al2.  (8.64 osglllat_or, as a relevant variant of the orlg_lnal propd4a],
* * X5 which instead had considered the amplifier case. In these
4- E works, the central pointboth conceptually and experimen-

tally) is the quantum injectior{12] of the second nonlinear
%rystal with the output of the first parametric medium. In the
; ) resent paper, we have computed the time evolution for the
32% e65 V;?Nh?\r/lebgltzttﬁguigi Yv\\lllgn d?:f;?:::lg?éa?)gi?l rtsméc;ve electromagneti_c field and ch(_)sen the initial condition needed
been select.ed for the tridimensional plots, in order to displafor the generation of thg des!red cat-type state. Such a state,
most clearly the quantum superposition c’haracter of our Caijowever, lives in an eight-dimensional phase space; there-
type state. In particular, one should note that in both case, ore, we have proposeq Fhree methods that are able to prove
‘ ' that it is an actual Schdinger-cat-type state: direct photo-

the W‘G”‘?r function is negative around the origin. However, etection, measurement of the correlation functions, and
a comparison between Figs. 5 and 6 shows that even thougs.tudy of the Wigner function. Our calculations show that the

the two Gaussian peaks are better separated for a larger nui- L . -
ber of photons, the negativity of the Wigner function tends to@[ate produced in this way has indeed two macroscopé

disappear as soon as the initial number of photons increaseSOSCOpiq; components that are macroscopicaliyesoscopi-

. S . ) csally) distinguishable, and that they are in a coherent super-
as expected. This behavior is further confirmed by the in- osition (and not just in a statistical mixturei.e., they
spection of the corresponding marginal distributions of thegiS lav auantum interference T
Wigner function (8.63, shown in Figs. 7 and 8P(x) piay g i

_p displ | tion bet th K A comparison with the performance of the corresponding
N (Xd+) ISplays a larger separation between the peaks a§p o schemé¢12] is in order here. First, the OPO has a larger

the initial mean photon numbein)=N increases. On the conversion efficiency due to the enhancement factor of the
other handP(y) =P(yq,) displays the interference between parametric interaction, given by the presence of the cavities.
the two macroscopic components, which tends to be washethis leads to a larger number of photon pairs with the same
out when the number of photons increases. In fact,Nor pump power. Second, our Scklinger-cat-type state is con-
=14.94, the interference fringes have already disappearedfined in the cavities, in contrast to what happens in the OPA
case, where it is a traveling wave. However, the price one
IX. DISCUSSION AND CONCLUSIONS has to pay in ord_er to have these advantages is given by the
unavoidable cavity losses that tend to destroy the coherence
In this paper we have considered the generatioerof of the state when the numb&t of initial photons tends to
tangled Schralinger-cat-type states in an optical parametricinfinity. Such a phenomenon—decoherefige5—is visu-

These results are graphically shown in Figs. 5-8. In Figs.
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P(X) <n>=14.94 0.9 <n>=14.94
0.1 P(y)
0.6
0.05 03
-5 0 5 x 10 ~1 0 1y 2
P(x) <n>=2.93 05
0.2 ) <n>=2.93
P(y)
0.6
0.1
0.3
-5 0 5 x 10
1 0 1 y 2
<n>=1.88
0.3 <n>=1.88 p 0.9
P(x) (Oyz
0.15
0.3
-5 0 5 x 10 -1 0 Iy 2

FIG. 7. Probability distribution®(x) for the quadrature opera- FIG. 8. Probability distribution®(y) for the quadrature opera-
=(dt tor yq =i(d" —d.)/2 of thed, mode, and for three values of
tor xd+—(d++d+)/\/§ of thed, mode, and for three values of Yd, - +— 0y + )

(n)=N. (n)=N.

alized by the progressive disappearance of the interferen
fringes and of the negativity of the Wigner function whsn fi
increases. It is then clear that one has to consider a trade—o*
condition between the enhancement fadmrargeN) and

the lossega low «). This may lead to a comparison between

the performances of the OPO and the OFA&]; in particu- It is a pleasure for us to acknowledge interesting and
lar, our OPO configuration is preferable when the meanstimulating discussions with A. Ekert and P. Grangier. This
number of initial photond [see Eq(6.8)] is larger than the  work has been partially supported by the INFMrough the
corresponding parameter (sfhit [12]) of the OPA. Finally,  Advanced Research Project “Caf’by the European Union
we note that the two components of our Safingler-cat-type  jn the framework of the TMR Network “Microlasers and

state would be far more distinguishable if the quantum injecCavity QED,” and by MURST through “Cofinanziamento.”
tion were given by two or more pairs of entangled photons.

Entangled states of this kind can be produced, e.g., using the APPENDIX
scheme of “entanglement engineering” of Ghetial. [30].

In conclusion, we think that an experiment along the lines The fact that the timé, during which we have the inter-
outlined in this paper and if12], which is realizable using action within the first nonlinear crystal, is very short, is of

resently available technology, is a promising candidate for
‘%roducing entangled superpositions of macroscopically dis-
Pct guantum states.
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fundamental importance, and it allows an immediate descripwhere L,3 is that part of the Liouvillian, which only acts on

tion of the experiment. To bring this out most clearly, we the modesk, andks, as given by Eqgs(4.4) and (4.5). It is

develop an approximate treatment, which is, however, justipossiple in this way to determine the conditional stais,
fied by the actual experimental values reported in REZ]. (1) 554 the interference terms in Eq8.11—(7.120. We
The interaction time, which is the time of flight of the first compute
e

photon generated in the down-conversion process within th

first nonlinear crystal NL1, is of the order of 0 asz,g(O)az
L Py 3= Tralo «0a) (A8)
t= anlo—ll sec (A1) r(@zpz-3(0)ay)
c ,

The properties of this state are usually characterized by mea-
whereL, is the crystal lengthy is its refraction index, and suring the photon-number distribution of the mode 2 along
is the speed of light in vacuum. On the other hand, for arflirection 2. We have therefore to perform the trace over the
average pump poweP=300 mW, the coupling strength is Mode 3 in Eq(A8), obtaining
of the order ofy,=6x10® Hz. In order to obtain “macro-

X2 a;[Trs p2-3(0)]az

scopic” states, one needs a quite large initial mean number P(zl) red_ TT(P(21)3)= ) (A9)
of photons in the parametric oscillator below threshold. This - Tr(abp,_3(0)ay)
fixes the damping rates,= k3= « to be slightly larger than . )
Y2, since, from Eq(6.8), we have We already know that Eip,_3(0) is a thermal state with a
mean number of photons given Y [see Eqs(6.8), (A2),
K? 1 and(8.173], i.e.,
= 1+ —. (A2)
X2 2N i N \" 1
Tr _4(0)= — |[M)N|| ——= Al10
Therefore, we havec=6x10° Hz, too. Since the wave- 3p2-3(0) n=0\1+N Iminl 1+N (A10)
length of the photon is.=7.3x10"° cm, this amounts to
having astandard cavitywith a quality factor [see Eq(6.7)] and, consequently,
2mC .
T, (A3) pSI e > Pu(n)ny(n|, (A11)
Nk n=0
On the other handy; will be of the order ofy,. In summary, N O\
Pu(n)=n — —, Al2
we have H(n) Y (1+N)? (A12)
Xot=xit=rKt=10"3. (A4)

which is a sort ofhiftedthermal state and is identical to the
From Egs.(4.3—(4.5), (6.1), and (6.2), one has, for the State obtained in the case of the parametric ampljflX

time evolution of the combined density matrix, with a mean number of photons given by K§.8). On the
other hand, we have, at the lowest ordelyif,
p12dt) =€“1249p,40)]0)1(0]. (A5) 2.0

L54
. . . 0 _ - 23
SinceLy,5% K, X1, Xo It is appropriate to expand the expo-  P2-3=(0lp1-2-3(0]0)=| 1+ Logt+ > )Pz—s(o)

nentiale“12# in power series up to second ordersh, yt,

. 2.2
X2t, yielding X1t
- T[azagpzfa(o) +py_3(0)azal] (A13a)
ef12d=1+L 3t+}£2 42 (A6)
128 1 g~ 12 =p,_3(0), (A13Db)
and and the state® ™%=Try(p,_3(0)), conditioned upon the
1 detection of no photons, is essentially identical to the initial
Lipp= Logp+ x1[a;a—a135,p], (A7) ysual thermal state.
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