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Different procedures have been developed in-order to recover entanglement after propagation over a noisy chan-
nel. Besides a certain amount of noise, entanglement is completely lost and the channel is called entanglement
breaking. Here we investigate both theoretically and experimentally an entanglement concentration protocol for a
mixed three-qubit state outgoing from a strong linear coupling of two-qubit maximally entangled polarization state
with another qubit in a completely mixed state. Thanks to such concentration procedure, the initial entanglement
can be probabilistically recovered. Furthermore, we analyse the case of sequential linear couplings with many
depolarized photons showing that thanks to the concentration a full recovering of entanglement is still possible.

1. INTRODUCTION

Quantum entanglement is a fundamental resource in quantum
information, ensuring security of key distribution and efficiency
of quantum computing. Most of the quantum informatiéni pro-
tocols work best with maximally and pure entangled states, but

. . ¥
unfortunately entanglement is extremely sensitive to 'decoher-

ence. Such difficulty imposes an extensive effort in'ordes to
recover a fairly good degree of entanglement after its interac-
tion with noise, which is the main cause of the entanglement
deterioration. In the last few years various schemes have been
implemented in order to overcome this problem, especially in
literature we refer to the distillation, purification and concen-
tration schemes.' All these techniques deal with an entangle-
ment recovery after a non-completely destructive interaction with
noise in the communication channel. Even if a clear distinc-
tion between purification, distillation and concentration has not
been precisely defined yet, it is possible to indicate as distilla-
tion a procedure which increases the entanglement of a state.
Instead the purification protocol increases the purity of the state,
while the concentration protocol increases both the purity and
the entanglement of a mixed state.”

In this work we present novel application of the three-photon
entanglement concentration procedure in an entanglement-
breaking process caused by a strong coupling with a noisy
photon.'? This refers to a realistic situation, in which one photon
from an entangled pair interacts trough a coherent cross-talk with
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a completely depolarized photon. Such photon acts as the envi-
ronment which interacts with the signal trough a real noisy chan-
nel. The main novelty of such procedure is that the entanglement
lost in tpe interaction is somewhat re-directed onto the signal
photon pair by a measurement on the environmental photon.'" 2
Usually,jin most of the literature the environment, isolated with
the system from the rest of the world, is considered as a pure
sta{e, which of course is easier to be completely controlled and
characterized. We theoretically show that our protocol works
even when the environment is in a mixed state. In this case the
environment can been considered as a subsystem of a composite
entangled state, giving rise to a wide variety of implementation in
quantum information. The experimental implementation of each
single step of the concentration protocol has been carried out
with the environmental photon in a fully mixed state which inter-
acts with a maximally entangled state through a linear coupling.
As further development of the entanglement concentration, we
have carried an in-depth study on the interaction between noise
and quantum information, generalizing the entanglement concen-
tration process up to N coherent interactions between signal and
noise. As shown in Ref. [10], two different scenarios can be ana-
lyzed: whether the environmental photon and the signal one on
the input mode of the BS are perfectly distinguishable or partially
indistinguishable. Here we focus our attention only on almost
indistinguishable case, therefore we keep the traditional name of
concentration. If the signal and the environmental photons are
perfectly indistinguishable, the protocol exploits quantum inter-
ference phenomena, analogously to the quantum state telepor-
tation, and asymptotically retrieves all the initial entanglement.
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On the other hand, even when the signal photon is in principle
distinguishable from the environment but, due to technological
limitations, can not be discriminated, it has been experimentally
demonstrated that our protocol allows a partial recover of the
initial entanglement.

2. THE CONCENTRATION PROTOCOL

The overall dynamic of the protocol can be divided in three dif-
ferent steps (see Fig. 1):

2.1. Coupling with Environment

Alice (A) and Bob (B) share a polarization entangled state
W) ag = 1/V2(IH)4|V)5 — i|V)4|H)p), and the photon B
propagates over a noisy channel. The environment E is repre-
sented by a completely unpolarized photon described by the den-
sity matrix p, = I/2 that interacts with B by a localizable linear
coupling: a generic beam splitter BS with transmittivity 7" and
reflectivity R =1 —T'. The present channel acts as a depolarizing
channel, which means a balanced stochastic combination of the
Pauli’s operators o, 0,, 0.

We point out that all the results that will be presented can
be directly extended for general passive coupling between two
modes.'" After the interaction on the beam splittet; three possi=
ble situations can be observed: both the photons go to environ-
ment or to the signal mode, or only a single photon is separately
presented in signal and environment. The first case corresponds
simply to attenuation, while the second case can be in princi-
ple distinguished by counting the number of photons in the sig-
nal. Thus only the last case is interesting to be analyzed. After
the interaction process, the entanglement has been damaged and,
below a threshold value of 7', no entanglement can be observed
in the output state.
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Fig. 1. Conceptual representation of the entanglement concentration pro-
tocol and its physical structure. (a) The main steps of the concentration
procedure are represented in order to enlighten the correlations established
between the environment E, Alice A, and Bob B. (b) Generic coupling
between the qubit B and the environment. (C) Schematic representation of
the concentration protocol. Generation by the EPR source of the entangled
photons shared between Alice and Bob. On Bob mode is showed the inter-
action between the entangled photon and the environment and the measure
on the environmental photon that drives the filtration process. On the right
side are highlighted the experimental implementation of the three main steps
of the protocol.
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2.2. Measurement of the Environment

During the interaction on the BS, the initial entanglement
between the pair photons is transferred to the three-photon mixed
state entanglement between the environmental photon and the
signal one (Fig. 1(a)). Such transfer is driven by the strength of
the coupling, determined by the transmittivity 7 of the BS. Of
course, due to the fact that we face to a mixed state environment,
we refer to a correlation originated by the initial entanglement
shared in the EPR pair, which is stored in the environmental pho-
ton after the interaction. Hence by properly measuring the envi-
ronment it is possible to approach such correlation and restoring
it into the entangled signal pair.

The photon propagating on the environmental mode is mea-
sured after a polarization analysis realized through a polarizing
beam splitter (PBS).

2.3. Filtration

A interesting role in the protocol is represented by a filtration
performed both on Alice and Bob modes. Such operation leads
to'a higher entanglement of the bipartite system, at the cost of
a)lower probability of implementation. We indicate the attenu-
ation|over the mode k; for the V polarization as A;: |V), —
\/ A, |V, The.complete protocol implies a classical feed-forward
on the polarization state of the photon belonging to the Bob’s
mode depending on which detector on environmental mode fires.
This conditional operation could be realized adopting the elec-
tronic scheme experimentally demonstrated in Refs. [13, 14]. In
the present experiment the active procedure has not been applied,
hence the efficiency of the overall procedure is reduced by a
factor 2.

For each step of the protocol, we reconstruct the two qubit den-
sity matrix through the quantum state tomography procedure.'

3. DYNAMICS OF THE
ENTANGLEMENT-BREAKING PROCESS

After the coupling between entangled signal and the environmen-
tal photon on the beam-splitter, the whole state is described by
the three-qubit density matrix shown in Figure 2(a). As under-
lined previously, and in-depth analysis of such matrix allows to
achieve a better knowledge on the quantum correlation dynamics,
shown in Figure 2(b). The parameter T establish the degree of
correlation damaging between the photon A and the B one that is,
how the noise corrupts the signal. A high value of transmittivity
T simulates the case of a weakly noisy channel, which does not
destroy completely the initial information (red line in Fig. 2(b)).
Usually this is the regime in which all the already implemented
protocols work. Lower the value of transmittivity 7', greater is
the correlation established between the environment and the pho-
ton A, at cost of a concurrence reduction in the initial entangled
state described by p;, = |¥~) (¥ ~|. When a balanced beam
splitter is used for the coupling process, the concurrence referred
to the density matrix of the environmental photon and the Bob’s
one achieves its maximum value, since it is related to the gener-
ation of a maximal entangled state shared between B and E. As
a consequence the initial entanglement between Alice and Bob is
completely lost and transferred to Bob and to the environmental
photon. This transferred entanglement is exploited in the concen-
tration scheme. The entanglement between B and E generated by
the coupling is continuously converted to entanglement between
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(a) Theoretical density matrix p,ge representing the three-qubit state after the coupling process on BS for T = 0.3. (b) Plot of the concurrence C for

different values of the transmittivity T of the BS. Each concurrence ;eﬁer? to the Icorrelatlon established between two subsystems.
| | '

: i
A and E. For the strong coupling T < 1—1/+/3, the A—E entan- ' *

glement is redirected back to A — B entanglement. Howeverifor
T € (1—1/+/3,1/+/3) there is no entanglement between A — B
and A — E, and the non-local correlation survives only locally
between B — E. Such entanglement is crucial for the concentra-
tion procedure, since together with classical correlations helps to
restore A — B entanglement.

4. EXPERIMENTAL IMPLEMENTATION

In order to exploit the regime where the concentration protocol
works best, we consider the signal photon and the noise one spa-
tially, spectrally and temporal perfectly indistinguishable in the
coupling process. A good spatial overlap is achieved by selecting
the output modes through single mode fibers. The entangled state
| W) 5. that is the signal to be transmitted through the noisy
channel, has been generated by a NL crystal of B-barium borate
(BBO) cut for type-II phase-matching.

4.1. Mixing

In the indistinguishable photons regime, we indicate with o,
the density matrix after the mixing on the BS, which is separable
for T < 1/+/3, as shown in Figure 3. The output state is found to
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be a Werner state, which is a mixture of the singlet state and the
fully mixed one.'® Without tracing over the environmental mode,
the three photons state is described by the theoretical density
matrix shown in Figure 2(a).

1.0
0.8+
]
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g
=
2 044
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0.24 e Measure
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. ! —-—g=0.05
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Fig. 3. Concurrence for indistinguishable photons-without measurement
(dotted line), with measurement (dashed-dotted line), with measurement and
LOCC filtration £ = 0.25 (dashed line), with measurement and LOCC filtration
& =0.25 (continuous line).
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Fig. 4. Theoretical density matrices for perfectly indistinguishable photons interacting on the BS.
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4.2. Measurement

A measurement is carried out on the environmental mode. When
the result |H) is obtained, o} evolves into ,:

0 0 0 0
Lo —ra-mr o0
=40 —1(r—R) (T—-R? 0

0 0 0 R

where P; is the probability of implementation success of the
process. The Werner state is hence conditionally transformed
into a maximally entangled state (MEMS):'” see Figure 4. In
particular, it is found C; = (T|T — R|)/2P; and P; = (T? +
(T —R)*+R?) /4.

Let us now compare the theoretical predictions to experimental
results. The experimental generation of perfectely indistinguish-
able photons has to face some unavoidable technological limita-
tions. In order to account this situation, for the experimental data
analysis we have considered the state shared between Alice and
Bob as a mixture between perfectely indistinguishable photons,
weighted by the degree of indistinguishability p, and distinguish-
able photons. Such state leads to a reduction on the correlation
restored by our protocol, due to a lower interference between
signal and environment.

In order to estimate the parameter p, we have carried out
an Hong-Ou-Mandel interferometer experiment'® adopting a BS
with T = 0.5, which has yielded to p = (0.85+0.05).

Measurement
environment

axn

Filtration
(I1D)

v
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The experimental results are shown in Figure 5(IT) for T = 0.4.
The entanglement is restored with a concurrence equal to
Cy=(0.15£0.03) > 0 to be compared with Cj; = 0.22; the
fidelity with the theoretical state is F = (0.96 £0.01).

4.3. Filtration

Due to the strong unbalancement of o, a filter is introduced
either on Alice or Bob mode, depending on the value of T:
Figure 3. If T > |2T — 1/, the filter acts on Bob mode, as |H)z —
(2T —1)/T)|H)g, while if T < |2T — 1, the filter acts on Alice
mode, as |V), — (T/2T —1))|V) 4.

In order to properly apply the filtration, it is necessary to esti-
mate the value of 7. Hence the filtration procedure can be suc-
cessfully applied after a characterization of the communication
channel. Over a time period during which the transmission chan-
nel is a stationary one, is possible to quantify the “transmittivity”
(amount of noise introduced), comparing the signal at the input
and output of the channel. In order to increase the concurrence,
a second filter is inserted on both Alice and Bob mode, which
attenuates ‘the vertical polarization component: |V) — /g|V).

The filters- transform the density matrix into oyy:

0 0 0

e —&a
111 1 0

4P it

o o o O

Fig. 5. Experimental density matrices for indistinguishable photons for different steps of the concentration protocol. Since a perfect indistinguishability between
noise and signal is almost impossible to be achieved experimentally, we have estimate the degree p of indistinguishability to be equal to p = 0.85.
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where o = T2, § = (TR/(R—T))?, for T < |2T — 1| and a =
(2T —1)2, 6 = R?, for T > |2T — 1|. The concurrence has value
Cyy =2ea/(2ea+ £28) while the probability reads Py = (2ea+
£28)/4. In Figure 3 are reported the concurrence values for
£=0.05 and & = 0.25. Hence in the limit of asymptotic filtra-
tion (e — 0), the concurrence reaches unity except for 7= 1/2.
Since maximally entangled state can be approached with an arbi-
trary precision,'® the entanglement breaking channel can be trans-
formed into a secure channel for key distribution.

Applying experimentally the filtration with the parameters
A, =0.12, and Az = 0.30 we have obtained the state shown
in Figure 5(IIT). Hence we have measured a higher concurrence
C = (0.5040.10) > C;; while the expected theoretical value
is Cy = 0.47. The filtered state has F = (0.92£0.04) with the
theoretical expectation. This is a clear experimental demonstra-
tion of the entanglement concentration with the help of the local
filtration in our realistic scenario.

5. MULTIPLE COUPLINGS WITH
NOISY PHOTONS

Let us to generalize the entanglement concentration process up to
N interactions between the signal and N environmental photons
coherently coupled to the signal. We consider all couplings to be
linear, that is an interaction on a beam splitter (see Fig. 6). In par-
ticular, in order to generalize such calculation, we indicate with
BS; the i-th beam splitter with a transmittivity 7; and reflectivity
R; =1 —T,. Furthermore, we consider T; # T; for i # j. While it
can be deduced that the concentration protocol can ideally work
properly if all the three steps are applied for each interaction, our
calculation refers to the case in which the filtration procedure is
applied only after all the N interactions between signal and noise.
As a first step, we study the case of a double interaction between
noise and signal and then we will consider N beam splitters on
the signal mode.

ik

5.1. Mixing |

After the first interaction between signal and the noise photon E;, ¥

and the projective measurement |H)(H| on the environmental
mode, the transmitted signal interacts with a second noise photon
E, on a beam splitter characterized by transmittivity 7,. From
the previous calculation, after the interaction on BS, and projec-
tive measurement the state exhibits the concurrence CV = Cy;.
In the next step, it interacts with a second environmental pho-
ton described by the mixed state pg, = I/2. Hence the overall

s =\

Alice

Filter B

Fig. 6. Schematic representation of the entanglement concentration joined
procedure implemented N times.
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state interacting on the beam splitter BS, reads p 4z, = pﬂ{Bl ®
P, The three-qubit matrix p, e, evolves in accordance with the
transformation rules of the beam splitter, written for a generic
transmittivity 7 as:

o D)5 |d)e = (T, =R)|D)p, 1)k

b |¢>B,- ¢ ) e — Ti|¢>B,-+1 ) e — Ri|d)L>B,-+| [b)E

where B; and E indicates respectively the input modes for the
signal and environmental photon, while B, = B and By = B'.

5.2. Measurement

After two steps of interaction, the second environmental mode is
projected on |H) state, hence the matrix pi{\’BEZ evolves to pI/{BZ.

Hence we get the matrix p¥2:
0 0 0 0
1 0 a —+ab 0
prz = 2 M
PP 1o —vab b 0
0 0 0 c

where a = T2T?, b= (T, — R)*(T, — R,)?, ¢ = (T, — R))*R3 +
RT} and Pl(:z) = (a+b+c)/8 is the normalization factor. It is
possible to observe that pi 5, describes a MEMS state, where the
concurrence can be expressed as:

C(z) _ A/ (lb

n -
4Py

Naturally, concurrence Cl(l2 ) is vanishing for 7,(7,) =0, 1/2
due to bunching of photons on the linear coupling. But in all the
other cases, the entanglement was restored by the concentration
measurement. In the generalized case, where the signal interacts
N-times with an environmental completely mixed photon, the
matrix form allows a widespread expression of the density matrix
which describes the quantum state after the N-th interaction. In
particular, after the projection on |H) ., state on each environ-

| mental mode, it is possible to demonstrate that the state on the

output mode of the N-th beam splitter is described by the matrix:

0 0 0 0

1 |
g 1 0 Ay —/AyBy 0
N owenpM L o — JANBy By 0
0 0 0 Cy

where P\") = (Ay + By + Cy)/2 D is the probability of suc-
cess for the implementation of the N-th measure. The parameters
Ay, By, Cy are function of 7; and R; in the form:

o Ay= 1_[,1'V=1 sz

* By= 1_[{\]:1 (T, —R)?

o Cy=R3By_+TiCy_, with C; = R}

The form of pHBN shows that the matrix describing the state
after the N-th interaction and measurement is, analogously to
the matrix ol,, a MEMS state. Hence the concurrence after N
interactions C = CY reads:

o _ VAxBy
| ZNP(N)

In Figure 7, the concurrence is reported as a function of N. As
expected, as N increases, it corresponds to a drastic reduction of
the concurrence, if a proper filtration process is not applied.
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Fig. 7. Concurrence and probability of implementation for different interac-
tions (N) for T = 0.1. The black line indicates the probability after the N-th
measurement (M) on the environmental mode, while the other lines repre-
sent the probability after the filtration process for different values of &.

5.3. Filtering

In order to achieve a concurrence equal to one, it necessary to
introduce a filtration which acts both on Alice and Bob mode as:

V) s — \/E|V>A.B

B
|H), — A7N|H>A
N

which gives rise to a balanced density matrix: ]

0 0 0 0
- 1 0 eBy —e&By 0
Pay = 50ep®™ [0 —eBy eBy 0
0 0 0 &Cy

where P\) = (£(2B, + £Cy))/2*+). Hence the concurrence C
is equal to:

2By

C=—————>1 fore—>0
2By +&Cy)

Here we have demonstrated that theoretically the concentration
protocol works even if we consider a generic number N of linear
interactions between signal and noise, and if only one filtration
procedure after all the interactions is applied. It is practically
relevant, since it is hard to implement filtration after any partic-
ular step of multiple channel. Such result can be experimentally
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implement at a cost of a low probability of implementation, as
shown in Figure 7.

6. CONCLUSIONS AND PERSPECTIVES

We have reported the experimental demonstration of a concen-
tration protocol able to restore entanglement on entanglement
breaking channel by measuring the environmental photons. The
concentration procedure can contribute to develop a new class of
entanglement sources from noisy devices. Even for the channel
preserving entanglement, it can be particularly advantageous to
detect environmental state outgoing from the coupling, because
the entanglement can be increased simply by local filtering on
single copy instead of more demanding collective distillation pro-
tocol. The present scheme can be generalized to restore entangle-
ment after consecutive interactions with the different sources of
noise. Moreover, a potential application can be envisaged more
in quantum entanglement generation in matter devices, where
decoherence can be attributed to coupling of entangled states
with other, degrees of freedom of the matter. In this framework,
a measurement on this available environment can be adopted to
retrieve entanglement. On the fundamental side the present exper-
iment provide test of important elements to overcome decoher-
ence effects, a subject of renewed interest in the last years.?-?!
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